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Abstract
This Thesis presents a study of higher dimensional brane-world models with non-
factorizable geometry. In the picture of brane-world, Standard Model fields are assumed
to be localized or confined on a lower dimensional topological defect (brane) in the higher
dimensional space (bulk). When the space is curved, due to the presence of an energy
density distribution, the non-trivial geometry can induce localization of gravity across the
extra dimension. This implies that, in particular constructions, gravity can be localized
on the brane. The localization of gravity leads to the realization that, if extra dimensions
exists, they need not be compact. It is shown that in the context of multi-brane world con-
structions with localized gravity the phenomenon of multi-localization is possible. When
the latter scenario is realized, the KK spectrum contains special ultralight and localized
KK state(s). Existence of such states give the possibility that gravitational interactions
as we realize them are the net effect of the massless graviton and the special KK state(s).
Models that reproduce Newtonian gravity at intermediate distances even in the absence of
massless graviton are also discussed. It shown that the massless limit of the propagator of
massive graviton in curved spacetime (AdS or dS) is smooth in contrast to the case that
the spacetime is flat (vDVZ discontinuity). The latter suggests that in the presence of
local a curvature (e.g. curvature induced by the source) the discontinuity in the graviton
propagator disappears avoiding the phenomenological difficulties of models with massive
gravitons. The possibility of generating small neutrino masses through sterile bulk neu-
trino in the context of models with non-factorizable geometry is presented. Additional
phenomena related with multi-brane configurations are discussed. It is shown that the
phenomenon of multi-localization in the context of multi-brane worlds can also be realized
for fields of all spins. The form of the five dimensional mass terms of the fields is critical
for their localization properties and in the case of the Abelian gauge field, its localization
is possible only for specific form of mass term.
Dedicated to Ian I. Kogan.
. . . I leave Sisyphus at the foot of the mountain! One always finds one’s burden
again. But Sisyphus teaches the higher fidelity that negates the gods and raises
rocks. He too concludes that all is well. This universe henceforth without
a master seems to him neither sterile nor futile. Each atom of that stone,
each mineral flake of that night filled mountain, in itself forms a world. The
struggle itself toward the heights is enough to fill a man’s heart. One must
imagine Sisyphus happy.
Albert Camus, “The myth of Sisyphus” ( c.f. Appendix A)
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Chapter 1
Introduction
1 Introduction
The idea that our world may have more that three spatial dimensions is rather old [1, 2].
However, up to the time of writing this thesis, there is no experimental evidence or indi-
cation for the existence of additional spatial dimensions of any kind. Nevertheless, there
is strong theoretical motivation for considering spacetimes with more than three spatial
dimensions: String theory and M-theory are theories that try to incorporate quantum
gravity in a consistent way and their formulation demands for spacetimes with more that
four dimensions. In the context of the previous theories it seems that a quantum the-
ory of gravity requires that we live in ten (String theory) or eleven (M-theory) spacetime
dimensions.
However, apart from the previous theoretical motivation, one is free to ask the following
interesting question: If there are extra dimensions, what is the phenomenology associated
with them ? This leads to the “bottom to top” approach to the physics of extra dimen-
sions: Phenomenological studies based on simplified (and sometimes over-simplified) field
theoretic (but “string inspired”) models with extra dimensions. This approach is essen-
tial at the present state since we certainly have not a complete picture of String theory
(the picture is even more obscure for M-theory). Given the absence of rigid predictions
about the details related to the nature of the extra dimensions of a “final theory”, the
model building approach can be very instructive since it can reveal a whole spectrum of
possibilities. Obviously the previous has the disadvantage that some (or even most) of the
models considered, may have nothing to do the fundamental theory. Another inevitable
disadvantage is the appearance of free parameters in these models something that makes
quantitative estimates at best of the order-of magnitude and in many cases not available
at all. Here we should stress that some of the field theoretic models involving extra di-
mensions, for example the models with flat extra dimensions (factorizable geometry), have
string theoretic realization and thus are theoretically well motivated. However up to the
time of writing this thesis there is no string theory realization for models with curved
extra dimensions (non-factorizable geometry).
These “string inspired” models have recently attracted a lot of interest since they
1
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provide interesting alternative possibilities for the resolution of longstanding problems of
theoretical physics, like: the gauge hierarchy problem, the cosmological constant prob-
lem, the explanation of the fermions mass hierarchies etc. Apart from these theoretically
interesting aspects, these models have also phenomenological interest since they predict
new physics that may be accessible to future accelerators. Moreover, it turns out that by
exploiting the freedom of the parameter space one can achieve exotic possibilities where
string excitations may be also accessible to future experiments.
The material presented in this thesis could be classified into this category of phe-
nomenological study of higher dimensional models.
2 How many extra dimensions?
The consistent formulation of String theory (M-theory) demands that the number of space-
time dimensions is D = 10 (D = 11) which means that our world has six (seven) extra
spatial dimensions. However, from the model building point of view, the number of extra
dimensions is a free parameter. In particular in the present Thesis we are going to examine
the phenomenology of models with one or two extra dimensions. The justification for this
is that: 1) Although by considering more dimensions the phenomenology associated with
them will be richer, its basic characteristics can become apparent in the simplest models
with one or two extra dimensions. 2) Different dimensions can “open up” at different en-
ergy scales. If one assumes that for some of the internal dimensions the compactification
radius is much larger than for the rest, then as experiments probe energy scales corre-
sponding to this compactification scale, only physics associated with these dimensions will
be accessible while the rest will remain frozen 1. This implies that the models with small
number of extra dimensions may be phenomenologically relevant for a range of energy
scales.
3 Hiding Extra Dimensions
Independently of the number of the extra dimensions that may exist, experiments con-
firm that our world, at least up to now, can be described by four dimensional physics.
Thus, an important issue in multi-dimensional theories is the mechanism by which extra
dimensions are “hidden”, so that the spacetime is effectively four-dimensional at least in
the regions that have been probed by experiments. In order to be able to distinguish the
five dimensional effects from the four dimensional, and since our perception is attached
to four dimensions, it is convenient to give through a well defined procedure, four dimen-
sional interpretation of the higher dimensional physics. This is done by the dimensional
reduction procedure, where the original higher dimensional physics can described by an
effective four dimensional action with the price of increasing the number of fields (the
1Actually this argument applies literally only in the case of flat extra dimensions where the compactifi-
cation scale sets the scale of the new physics. Things are different in the case of non-factrorizable geometry
- but similar arguments apply in that case.
3 3 Hiding Extra Dimensions
number of degrees of freedom must remain the same): From the four dimensional point of
view each five dimensional field is described by an infinite tower of non-interacting fields
(Kaluza-Klein (KK) states) with the same quantum numbers but different masses (de-
generacy possible). The zero mode of this tower (when exists) is used to recover the four
dimensional theory (the existence of the zero mode does not necessarily imply the recovery
of the 4-d theory - further assumptions usually are needed). The rest of the massive fields
encode the information about the higher dimensional physics and their relevance to the
four dimensional effective theory decreases the more heavy they become.
Let us briefly discuss how the dimensional reduction is implemented. One starts with a
4+ n dimensional Lagrangian (where n is the number of extra dimensions) that describes
the dynamics of a free field2 Φ(XM ) = Φ(xµ, yi) (with XM = (xµ, yi), µ = 0,1,2,3 and
i = 1,...,n) propagating in the 4+n-dimensional spacetime. Exploiting the linearity of the
equations of motion we can decompose the higher dimensional field into normal modes:
Φ(xµ, yi) =
∑
n
Φn(x
µ, yi) (1.1)
Exploiting the fact that the equations of motion are partial differential equations that can
be solved by the method of separation of variables, every mode of the previous decompo-
sition can be separated to a part that depends only on the four coordinates of the four
dimensional spacetime and a part that depends only on the extra dimensions i.e.:
Φn(x
µ, yi) = Φn(x
µ)Ψn(y
i) (1.2)
The wavefunctions Ψn(y
i) give the localization properties of the n-th state along the extra
dimensions (note that n can describe more than one quantum numbers). Our intention is
to “integrate out” the extra dimensions ending up with a four dimensional Lagrangian that
encodes in its form all the details of the higher dimensional physics. It can be shown, for
particles of all spins, that the higher dimensional theory can be described by an effective
four dimensional one, in which the effect of the extra dimensions is taken in account in
the mass spectrum and the wavefunctions of the KK states:
S5 =
∫
d4x
∏
i
dyiL(Φ(XM )) ∼
∑
n
∫
d4xLmnn (Φn(x
µ)) (1.3)
The above equivalence relation holds provided that the wavefunctions that describe the
localization properties obey a second order partial differential equation
Oˆ(yi)Ψn(y
i) = m2nΨn(y
i) (1.4)
wheremn the masses of the KK states and Oˆ(y
i) is a hermitian operator the form of which
depends on the geometry and the spin of the particle under consideration. The hermicity
2Spinor indices suppressed.
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of the operator Oˆ(y) ensures orthonormality relations for the wavefunctions Ψn(y
i) of the
form: ∫
(
∏
i
dyi)W (yi)Ψm(y
i)∗Ψn(yi) = δmn (1.5)
whereW (yi) is the appropriate weight. For the case where n = 1, it can be shown that the
previous second order differential equation can be brought (after an appropriate change of
coordinates, y → z, and a redefinition of the wavefunction f → fˆ ) to a Schro¨ndiger like
form: {
−1
2
∂2z + V (z)
}
fˆ (n)(z) =
m2n
2
fˆ (n)(z) (1.6)
where now all the information about the five dimensional physics is encoded in the form
of the potential V (z). Similarly for the cases with n > 1 following the previous steps we
are led to a multi-dimensional Schro¨ndiger equation.
Summarizing, by implementing the dimensional reduction procedure we can describe
every higher dimensional field with an infinite number of four dimensional fields (KK
states) with the same quantum numbers. The masses and localization properties of these
states are found by solving a second order Schro¨ndiger differential equation, where all the
information about the five dimensional theory is contained in the form of the potential.
4 The Role of Geometry
The geometry of the higher dimensional space turns out to be of particular importance
in the model building. The topology of the extra dimensions (when n > 1) is also phe-
nomenologically relevant (e.g. see Ref. [3]) but its implications is generally not as radical
in the models that we will consider (we will mostly work with n = 1). Let us consider the
n = 1 case for simplicity. The information related to the geometry can be generally read
off the infinitesimal length element:
ds2 = GMN (X
K)dXMdXN = Gµν(X
K)dxµdxν +G55(X
K)dy2 (1.7)
If we demand that the four dimensional spacetime after the reduction to be Poincare
invariant, the most general ansatz has the following form:
ds2 = A(y)ηµνdx
µdxν +B(y)dy2 (1.8)
(we can always set B(y) = 1 since it can be absorbed with a redefinition of variables)
We can classify all five dimensional models, according to their geometry, into two main
categories:
5 4 The Role of Geometry
4.1 Factorizable Geometry
In this case the extra dimension is considered to be homogeneous in the sense that there
are no preferred places along the extra dimension. The spacetime in this case is described
be the five dimensional flat metric:
ds2 = ηµνdx
µdxν + dy2 (1.9)
with i = 1, 2..., n. This is possible only when there is no energy density distribution (or
when it can be neglected). Following the steps of the previous paragraph we find that the
KK decomposition of the fields is simply a Fourier expansion (in this case we have that
Oˆ(yi) = d
2
dy2 and the potential of the Schro¨ndiger equation is trivially zero):
Φ(x, y) =
∑
Φn(x, y) =
∑
n
Φn(x)e
imny (1.10)
From the latter we find that in this case the zero mode and all KK states spread along
the extra dimensions with equal probability - since the physically relevant quantity:
Φ∗n(x, y)Φn(x, y) is y-independent. Thus is this case, there is no localization of the
states that propagate in the extra dimension. This implies that the extra dimension must
be necessarily compact. The mass spectrum can be easily found by imposing the period-
icity condition on the wavefunctions: Φn(x, y + 2πR) = Φn(x, y). The mass spectrum of
the KK states is evenly spaced with mass splitting of the order of 1R and for this minimal
model is given by: mn =
2πn
R .
Until recently, the main emphasis was put on KK theories , of this type. In this picture,
it is the compactness of extra dimensions that ensures that the spacetime is effectively four-
dimensional at distances exceeding the compactification scale (size of the extra dimension).
Hence, the size of extra dimension must be microscopic; a “common wisdom” was that
the size was roughly of the order of the Planck scale (although compactifications at the
electroweak scale were also considered) 3.
However, the case of factorizable geometry is not the only possibility. On the contrary,
in more realistic cases the presence of energy density distribution curves the spacetime
and the vacuum is generally non-trivial. This lead us to spacetimes with non-factorizable
geometry.
4.2 Non-Factorizable Geometry
In this case the extra dimensions are not homogeneous in the sense that different points
in the extra dimension are generally not equivalent. The most general ansatz for these
3In the case that only gravity propagates in the bulk, the size of the extra dimensions can be as large
as 1mm.
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geometries in five dimensions with the requirement of Poincare invariance is:
ds2 = A(y)ηµνdx
µdxν + dy2 (1.11)
where A(y) is a non-trivial function of the extra dimension. The physical meaning of
such a factor is that different points along the extra dimension have different length scales
(something that also implies that they have different energy scales - something that, as we
will see, can lead to an elegant explanation of the gauge hierarchy problem when A(y) is
a rapidly changing function.). In this case, the corresponding Schro¨ndiger equation has in
general non-trivial potential something that implies that the form of the wavefunction of
the KK states is generally non-trivial. For example, in the case of a massless scalar field
in five dimensions it has the form:
− d
dy
(
A4(y)
dΨn(y)
dy
)
= m2nA
2(y)Ψn(y) (1.12)
Similar differential equations hold for the wavefunctions of fields of all spins. By solving
these differential equations we determine the wavefunctions Ψn(y) and the mass spectrum
mn of the KK states. The wavefunction Ψn(y) gives us information about the localization
properties of the states. The zero modes usually correspond to the bound states of the
quantum mechanical potential whereas the KK states appear as higher excitations. By
appropriate choice of the background geometry one can achieve localization of the
zero mode of the field in certain region of the extra dimension 4.
As we will see in the following Chapters the non-trivial vacuum structure is essential for
the localization of the spin 2 particle. However, for the fields of spin < 2, localization can
be achieved also through interactions with other fields. The localization of the fields gives
the possibility of having extra dimension with infinite length without conflict with
the phenomenology. In this case the existence of a normalizable zero mode is guaranteed
by the requirement of having finite compactification volume 5.
5 The Brane World Picture
Recently, the emphasis has shifted towards the “brane world” picture which assumes that
ordinary matter (with possible exceptions of gravitons and other hypothetical particles
which interact very weakly with matter) is trapped to a three-dimensional sub-manifold
(brane) embedded in a fundamental multi-dimensional space (bulk). In the brane world
scenario, extra dimensions may be large, and even infinite.
The brane world picture is also attractive due to the fact that lower dimensional
manifolds, p-branes are inherent in string/M-theory. Some kinds of p-branes are capable
4Note that the gauge field cannot be localized by the background geometry alone - for more details see
Chapter 7
5However we will consider cases where 4-d physics is reproduced even the absence of zero mode -
through special properties of the KK states.(see Chapter 2)
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of carrying matter fields; for example, D-branes have gauge fields residing on them. Hence,
the general idea of brane world appears naturally in M-theory and indeed, realistic brane-
world models based on M-theory have been proposed [12, 15].
In the field theoretic approach of these models that we consider the confinement of
the states on the lower dimensional sub-manifold is an ad-hoc assumption. However, in
their context, fields can be localized on the lower dimensional sub-manifold either through
interactions with other fields or from the non-trivial geometry (see Chapters 2, 7). As
a result in the context of field theory the braneworld scenario is realized through the
localization (and not confinement) of the fields.
6 Which fields feel the extra dimensions?
In the simplest formulation of these models no bulk states are assumed to exist and
thus only gravity propagates in the extra dimensions. Nevertheless “bulk” (transverse
to the 3-brane space) physics turns out to be very interesting giving alternative possible
explanations to other puzzles of particle physics. For example, as we will find in Chapter
6, by assuming the existence of a neutral under Standard Model (SM) spin 12 fermion in
the bulk one can explain the smallness of the neutrino masses without invoking the seesaw
mechanism and the neutrino oscillations either in the context of models of large extra
dimensions or in the context of localized gravity models [90–97, 99, 104]. In the context
of string and M-theory, bulk fermions arise as superpartners of gravitational moduli, such
as, those setting the radii of internal spaces. Given this origin, the existence of bulk
fermions is unavoidable in any supersymmetric string compactification and represents a
quite generic feature of string theory6. This constitutes the most likely origin of such
particles within a fundamental theory and, at the same time, provides the basis to study
brane-world neutrino physics.
However, it is not necessary to confine the SM fields on the brane. Assuming that also
the SM fields can propagate in the bulk new interesting possibilities can arise. For example
one can attempt to explain the pattern of the SM fermion mass hierarchy by localizing the
SM fermions in different places in the bulk [100–102,108]. The above gives the motivation
for considering the phenomenology associated with spin 0, 12 ,1 fields propagating in the
extra dimension(s). Furthermore if one additionally wants to explore the supersymmetric
version of the above models, it is also necessary to study the phenomenology of spin 32
field.
7 New Phenomena
The possibility of localizing fields in the extra dimensions can lead to new interesting
phenomena: Multi-localization emerges when one considers configurations such that the
6However, note that brane-world models with non factorizable geometry have not yet been shown to
have string realizations. For string realizations of models with large extra dimensions see Ref. [10]
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Figure 1.1: The scenario of multi-localization is realized in configurations where the cor-
responding form of potential has potential wells that can support bound states. Such a
potential is the one that corresponds to the ′′++′′ model (see Chapter 4). Positive tension
branes are δ-function wells and negative are δ-function barriers.
potential V (z) of the corresponding Schro¨dinger equation has at least two potential wells7,
each of which can support a bound state (see Fig.(1.1) for the ′′++′′ case). Models where
multi-localization is realized are interesting since the exhibit non-trivial KK spectrum,
with the appearance of ultralight and localized KK states. This can be understood as fol-
lowing: If we consider the above potential wells separated by an infinite distance, then the
zero modes are degenerate and massless. However, if the distance between them is finite,
due to quantum mechanical tunneling the degeneracy is removed and an exponentially
small mass splitting appears between the states. The rest of levels, which are not bound
states, exhibit the usual KK spectrum with mass difference exponentially larger than the
one of the “bound states” (see Fig.(1.2)). Such an example is shown in Fig.(1.2) where are
shown the wavefunctions of the graviton in the context of ′′++′′ model with two positive
tension branes at the fixed point boundaries. From it we see that the absolute value of
these wavefunctions are nearly equal throughout the extra dimension, with exception of
the central region where the antisymmetric wavefunction passes through zero, while the
symmetric wavefunction has suppressed but non-zero value. The fact that the wavefunc-
tions are exponentially small in this central region results in the exponentially small mass
difference between these states.
The phenomenon of multi-localization is of particular interest since, starting from a
problem with only one mass scale, we are able to create a second scale exponentially
smaller. Obviously the generation of this hierarchy is due to the tunneling effects in our
“quantum mechanical” problem.
7e.g. in the context of the five dimensional braneworld scenarios, our world is a three dimensional
hypersurface (brane) characterized by it’s tension. In our quantum mechanical description the positive
tension branes correspond to δ-function wells whereas the negative tension branes to δ-function barriers.
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′′+′′ ′′+′′
Figure 1.2: The zero mode (solid line), first (dashed line) and second (dotted line) KK
states wavefunctions in the symmetric ′′ ++′′ model. The wavefunctions of the zero and
the first KK mode are localized on the positive tension branes. Their absolute value differ
only in the central region where they are both suppressed resulting to a very light first
KK state.
r
0 1mm 1026cm
Region where Newton’s Law
has been tested
Figure 1.3:
Bigravity - Multigravity The phenomenon of multi-localization and the appearance of
non-trivial KK spectrum can give very interesting applications in the gravitational sector
of the theory:
In the simplest case, exploiting the appearance of an ultralight localized special first
KK state we can realize the following scenario: Gravitational interactions as we realize
them are the net effect of the massless graviton and the massive ultralight KK state. In
this scenario the large mass gap between the first KK state and the rest of the tower (see
Fig.(1.3)) is essential so that Newtonian gravity is recovered in the intermediate scales.
The radical prediction of this scenario is that apart from the modifications of gravity at
short distances (due to the “heavy” KK states), there will be modifications of gravity at
ultra-large scales due to the fact that the first KK state has non-zero mass. In Chapters
2, 4, 5 we present models that exhibit such a mass spectrum.
Of course it is possible to have more than one special KK states - well separated
from the rest of the KK tower contributing to gravitational interactions - by considering
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Figure 1.4: An suitable behaviour of the coupling, a(mn) in the case of discrete spectrum.
In this case the massless graviton exists. However the states with approximately zero mass
contribute to gravity at intermediate distances due to their significant coupling. The KK
states with masses that correspond to wavelengths where gravity has been tested have
suppressed coupling.
configurations with appropriate corresponding potential (e.g. multi-brane configurations).
Another way that the KK states can contribute to the gravity at intermediate distances
(or even to reproduce gravity - in the absence of massless graviton 8) is the following:
Consider the case that the KK spectrum is dense discrete or even continuous . In this
case although there is no mass gap as in the previous case, the Newtonian gravity can be
recovered through the special behaviour of the coupling to matter of the KK modes (see
Fig.(1.4) for the discrete case and Fig.(1.5) for the continuum). This can be achieved if
the coupling of the KK states (to matter) is significant for a band of states with mn → 0 -
states which will reproduce gravity in the intermediate distances, whereas it is suppressed
for the mass region that corresponds to the wavelengths that gravity has been tested (see
Fig.(1.5)). Heavy states can have significant coupling since they modify gravity at small
distances 9.
Theories of massive gravity in flat spacetime have been considered to be in conflict
with phenomenology due to an apparent discontinuity of the graviton propagator in the
massless limit (vDVZ discontinuity). In Chapter 3, however we show that in the case
of AdS and dS spacetime this discontinuity is absent something that is also supported
by the results of Ref. [82]. Thsese results show that theories of massive gravity can be
phenomenologically viable provided that the mass of the graviton is sufficiently smaller
compared to the characteristic local curvature scale.
8This is the case when the compactification volume is infinite.
9Note that gravity has been test only up to distances of a fraction of a millimeter
11 8 Summary
a(m)2
m1
Γ/2
mm0mc
O
Figure 1.5: Again, the behaviour of the coupling, a(m), in the case of continuum spectrum.
The region m > m0 gives rise to short distance corrections. The m1 ≪ m ≪ mc region
gives rise to 4D gravity at intermediate distances and 5D gravity at ultra large distances.
For distances r ≫ m−11 , the zero mode gives the dominant contribution and thus we return
to 4D gravity.
Multi-Localization of other fields As we have mentioned, localization can be realized
by fields of all spins in the context of braneworld models with non-factorizable geometry
(for some fields in order to achieve the desired localization, specific mass terms must be
added). Given the latter, in the context of multi-brane models emerges the possibility of
multi-localization for all the previous fields with appropriate mass terms. When multi-
localization is realized the above fields apart from the massless zero mode support ultra-
light localized KK mode(s). An example of the non-trivial KK spectrum in the context of
the ′′ ++′′ model is given in Fig.(1.6).
In the simplest constructions with two positive branes, that one can consider, there
is only one special KK state. However by adding more positive tension branes one can
achieve more special light states. In the extreme example of a infinite sequence of positive
branes instead of discrete spectrum of KK states we have continuum bands. In the previous
case the special character of the zeroth band appears as the fact that it is well separated
from the next.
8 Summary
In this introductory Chapter we gave a general outlook of models with extra spatial di-
mensions. We gave the general motivation for studying such models, we discussed their
underlying assumptions and classified them according to their geometry. We presented
how the dimensional reduction is implemented and presented the main characteristics of
models with factorizable and non-factorizable geometry. Finally we presented briefly the
ideas behind the new phenomena that will be analyzed in the rest of the Thesis such as:
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Figure 1.6: Comparison of the gravitational spectrum of the ′′ + +′′ or ′′ + −+′′ model
with the ′′ +−′′ Randall-Sundrum model.
Bigravity (or multigravity) and multi-localization of fields, phenomena that have the same
characteristic that starting from a problem with only one mass scale, we are able to create
a second scale exponentially smaller giving rise to multi-scale physics. The generation of
this hierarchy is due to the tunneling effects in our “quantum mechanical” problem.
Chapter 2
Flat Multi-brane Constructions
1 Introduction
The importance of the RS construction consists of two main features: The first is that
in the context of this model gravity is localized and second is the fact that it provides
a geometrical mechanism to generate the hierarchy between the Plank and electroweak
energy scales . This model has also attracted a lot of interest since it belong to the class of
brane-world models which provide an alternative framework within which other problems
of particle physics and cosmology can be addressed. In this chapter we will review the
prototype model and examine the new physics associated with extensions of this model.
2 Localization of Gravity
The key feature of the RS model that makes gravity localized, is the non-trivial background
geometry. Thus, let us start building the model based on this hint. For simplicity let us
adopt the brane-world picture where all the SM fields are confined on a three dimensional
sub-manifold (brane). Also for the moment we assume that there are no other, neutral
under the SM , states in the bulk. Given the previous assumptions, all new physics will
come from the gravitational sector of the theory. Our intention is to study the dynamics of
gravity in a non-trivial background geometry. Non-trivial geometry requires some energy
density distribution in order to be created. The simplest case is to assume a homogeneous
distribution of energy density in the bulk, that is, the five dimensional bulk is filled with
energy density i.e. cosmological constant Λ. Since gravity has the characteristic that
it creates the background in which the graviton propagates, we have first to solve the
classical Einstein’s equations in order to find the vacuum solution and then perturbe it in
order to study the dynamics. The action set-up describing five dimensional gravity with
a bulk cosmological constant is:
S =
∫
d4x
∫ L1
−L1
dy
√
−G{2M3R− Λ} (2.1)
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where L1, −L1 are the boundaries of our one dimensional manifold (however in principle
we can have L1 = ∞), and M the fundamental scale of the five dimensional theory. The
extra variable y which parameterizes the extra dimension is thus taking values in the
region [−L1, L1] The variation of action, in respect to the metric leads to the Einstein
equations:
RMN − 1
2
GMNR = − Λ
4M3
GMN (2.2)
In the case that Λ = 0, the five dimensional spacetime is flat and gravity is not localized,
according to the arguments presented in Chapter 1. An example of this case is the large
extra dimensions - type models where the zero mode and the KK states that emerge
from the dimensional reduction procedure are not localized but they spread in the extra
dimension (in this case L1 is bounded from above). However for Λ 6= 0, we have to solve
the Einstein’s equations in order to find the non-trivial vacuum solution. We are trying to
find a solution by making the simple ansatz which has the property that the hypersurfaces
y = ct. are flat:
ds2 = e−2σ(y)ηµνdxµdxν + dy2 (2.3)
Here the “warp” function σ(y) is essentially a conformal factor that rescales the 4D com-
ponent of the metric. A straightforward calculation gives us:
Rµν − 1
2
GµνR = −3σ′′e−2σηµν + 6(σ′)2e−2σηµν (2.4)
R55 − 1
2
G55R = 6(σ
′)2 (2.5)
Equating the latter to the energy momentum tensor and assuming that Λ < 01 we get the
solution:
σ(y) = ±ky (2.6)
where k =
√
−Λ
24M3 is a measure of the curvature of the bulk. This describes the five
dimensional AdS spacetime that the negative cosmological constant creates. Note that
the previous solution is valid . The characteristic of the above solution is that, the length
scales change exponentially along the extra dimension.
Now let us examine the graviton dynamics in the previous background. This is deter-
mined by considering the (linear) fluctuations of the metric of the form:
ds2 =
[
e−2σ(y)ηµν +
2
M3/2
hµν(x, y)
]
dxµdxν + dy2 (2.7)
1This choice results to AdS5 vacuum solution. This choice is made so that warp factor eσ(y) is a fast
varying function of the y coordinate - giving the possibility of solving the hierarchy problem, as we will
see.
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We expand the field hµν(x, y) in graviton and KK states plane waves:
hµν(x, y) =
∞∑
n=0
h(n)µν (x)Ψ
(n)(y) (2.8)
where
(
∂κ∂
κ −m2n
)
h
(n)
µν = 0 and fix the gauge as ∂αh
(n)
αβ = h
(n)α
α = 0. In order the above
to be valid the zero mode and KK wavefunctions should obey the following second order
differential equation:
− 1
2
d2Ψ(n)(y)
dy2
+ 2(σ′)2Ψ(n)(y)− 1
2
e2σm2nΨ
(n)(y) = 0 (2.9)
This for m0 = 0 (massless graviton) gives
Ψ(0)(y) = e±ky (2.10)
From the previous equation we see that the profile of the wavefunction is non-trivial.
This is an important result: the non-zero energy distribution (k 6= 0) induces non-trivial
profile to wavefunction of the zero mode (and KK states). However the zero mode is not
localized since the wavefunction is not normalizable (the zero mode is interpreted as the
4-d graviton and thus its presence in this minimal model is essential for recovering the 4-d
Newton’s law).
2.1 The Single Brane Model (RS2)
Let us try to modify the previous solution in a way that the graviton is normalizable.
The one solution we considered so far is of the form: Ψ(0)(y) = e−ky. This solution has a
good behaviour for y → ∞ however in diverges badly for y → −∞. The other solution,
Ψ(0)(y) = e+ky, has the opposite behaviour. Thus one possibility is to match these two
different solutions at y = 0 i.e.:
σ(y) =
 −ky y ∈ [0,∞)ky y ∈ (−∞, 0] (2.11)
However in this case the function σ′(y) is not continuous at y = 0. This implies that
σ′′(y) = 2kδ(y) (2.12)
Note that the latter choice of solution is equivalent to imposing Z2 symmetry (identification
y → −y) in the extra dimension around the point y = 0 (the extra dimension has thus
the geometry of an orbifold with one fixed point at y = 0), and choosing that the graviton
has even parity under the reflections y → −y. Given that the term σ′′(y) appears in the
Einstein equations, in order this solution to be consistent we have to include a brane term
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in the action. The action in this case should be:
S =
∫
d4x
∫ ∞
−∞
dy
√
−G{−Λ+ 2M3R} −
∫
y=0
d4xV0
√
−Gˆ(0) (2.13)
where Gˆ
(0)
µν is the induced metric on the brane and V0 its tension. The Einstein equations
that arise from this action are:
RMN − 1
2
GMNR = − 1
4M3
(
ΛGMN + V0
√
−Gˆ(0)√−G Gˆ
(0)
µν δ
µ
Mδ
ν
Nδ(y)
)
(2.14)
in this case in order to find a solution, the tension of the brane has to be tuned to
V0 = −Λ/k > 0.
The four-dimensional effective theory now follows by considering the massless fluctua-
tions of the vacuum metric (i.e. gµν = e
−2k|y|(ηµν + hµν(x))). In order to get the scale of
gravitational interactions, we focus on the curvature term from which we can derive that
:
Seff ⊃
∫
d4x
∫ ∞
−∞
dy 2M3e−2k|y|
√−g R (2.15)
where R denotes the four-dimensional Ricci scalar made out of gµν(x). We can explicitly
perform the y integral to obtain a purely four-dimensional action. From this we derive
M2Pl =M
3
∫ ∞
−∞
dye−2k|y| =
M3
k
(2.16)
The above formula tells us that the three mass scales MPl, M , k can be taken to be of
the same order. Thus we take k ∼ O(M) in order not to introduce a new hierarchy, with
the additional restriction k < M so that the bulk curvature is small compared to the 5D
Planck scale so that we can trust our solution.
The corresponding differential equation in this case takes the form Schro¨dinger equa-
tion: {
−1
2
∂2z + V (z)
}
Ψˆ(n)(z) =
m2n
2
Ψˆ(n)(z) (2.17)
with the corresponding potential
V (z) =
15k2
8[g(z)]2
− 3k
2g(z)
δ(z) (2.18)
when new variables and wavefunction in the above equation are defined as:
z ≡
 e
ky−1
k y ∈ [0,∞)
− e−ky−1k y ∈ [−∞, 0]
(2.19)
17 2 Localization of Gravity
Ψˆ(n)(z) ≡ Ψ(n)(y)eσ/2 (2.20)
where we have defined the function g(z) as g(z) ≡ k|z| + 1. In this case the zero mode
(m0 = 0) has the form:
Ψˆ(0) =
A
[g(z)]3/2
= Ae−3σ(y)/2 (2.21)
Given the form of σ(y), it is obvious that the above state is normalizable. The normaliza-
tion condition is ∫ ∞
−∞
dz
[
Ψˆ(0)(z)
]2
= 1 (2.22)
The rest of the spectrum consists of a gapless (starting from m = 0) continuum of KK
states with wavefunctions:
Ψˆ(z,m) =
√
g(z)
k
[
A1J2
(mn
k
g(z)
)
+A2Y2
(mn
k
g(z)
)]
(2.23)
with normalization condition:∫ ∞
−∞
dzΨˆ(z,m)Ψˆ(z,m′) = δ(m,m′) (2.24)
The massless zero mode reproduces the V (r) ∝ 1r Newton’s Law potential while the
continuum of KK states give small corrections. A detailed calculation gives:
V (r) ∼ GNm1m2
r
+
∫ ∞
0
dm
GN
k
m1m2e
−mr
r
m
k
. (2.25)
Note there is a Yukawa exponential suppression in the massive Green’s functions for m >
1/r, and the extra power of m/k arises from the suppression of continuum wavefunctions
at z = 0. The coupling GN/k in the second term is nothing but the fundamental coupling
of gravity, 1/M3. Therefore, the potential behaves as
V (r) = GN
m1m2
r
(
1 +
1
r2k2
)
(2.26)
The latter shows that the theory produces an effective four-dimensional theory of gravity.
The leading term due to the bound state mode is the usual Newtonian potential; the KK
modes generate an extremely suppressed correction term, for k taking the expected value
of order the fundamental Planck scale and r of the size tested with gravity.
Summarizing we have found that the set-up consisting of a single positive tension flat
brane embedded in an AdS5 bulk with Z2 symmetry imposed can localize gravity in the
sense that the zero mode is peaked on the brane whereas it falls exponentially away from
it. This zero mode reproduces the Newton’s potential. The continuum KK states on the
other hand are suppressed near the brane and their presence results to small corrections
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in the Newton’s potential.
2.2 The Two Brane Model(RS1)
We can make the previous one brane model compact by cutting the extra dimension in
symmetric in respect to y = 0 points (say y = ±L1) and then identify these endpoints.
However, since
σ′(y) =
 −k y ∈ [0,∞)k y ∈ (−∞, 0] (2.27)
the function σ′(y) develops a discontinuity at y = ±L1 and thus σ′′(y) will give a second
δ-function at that point. Thus we have (for y ≥ 0)
σ′′(y) = 2k[δ(y)− δ(y − L1)] (2.28)
Given the latter, in order our solution to be consistent in the compact case we must add
a second brane term in the action:
S =
∫
d4x
∫ L1
−L1
dy
√
−G{−Λ+ 2M3R} −
∫
y=0
d4xV0
√
−Gˆ(1) −
∫
y=L1
d4xV1
√
−Gˆ(1)
(2.29)
in this case in order to find a solution, the tension of the branes has to be tuned to
V0 = −V1 = −Λ/k > 0. Thus in this construction the branes are placed on the orbifold
fixed points 2 and they have opposite tension.
Again, the function Ψ(n)(y) will obey a second order differential equation which after
a change of variables reduces to an ordinary Schro¨dinger equation:
{
−1
2
∂2z + V (z)
}
Ψˆ(n)(z) =
m2n
2
Ψˆ(n)(z) (2.30)
with the corresponding potential
V (z) =
15k2
8[g(z)]2
− 3k
2g(z)
[δ(z)− δ(z − z1)− δ(z + z1)] (2.31)
The new variables and wavefunction in the above equation are defined as:
z ≡
 e
ky−1
k y ∈ [0, L1]
− e−ky−1k y ∈ [−L1, 0]
(2.32)
Ψˆ(n)(z) ≡ Ψ(n)(y)eσ/2 (2.33)
and the function g(z) as g(z) ≡ k|z|+ 1, where z1 = z(L1).
2i.e. at y = 0 hidden brane and y = L1 visible brane
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This is a quantum mechanical problem with δ-function potentials of different weight
and an extra 1/g2 smoothing term (due to the AdS geometry) that gives the potential a
double “volcano” form. The change of variables has been chosen so that there are no first
derivative terms in the differential equation.
This potential is that it always gives rise to a (massless) zero mode, with wavefunction
given by:
Ψˆ(0) =
A
[g(z)]3/2
(2.34)
The normalization factor A is determined by the requirement
∫ z1
−z1
dz
[
Ψˆ(0)(z)
]2
= 1, cho-
sen so that we get the standard form of the Fierz-Pauli Lagrangian.
For the KK modes the solution is given in terms of Bessel functions. For y lying in the
regions A ≡ [0, L1], we have:
Ψˆ(n)(z) =
√
g(z)
k
[
A1J2
(mn
k
g(z)
)
+A2Y2
(mn
k
g(z)
)]
(2.35)
The wavefunctions are normalized as
∫ z1
−z1
dz
[
Ψˆ(n)(z)
]2
= 1. The boundary conditions
result in a 2× 2 homogeneous linear system which, in order to have a non-trivial solution,
leads to the vanishing determinant:
∣∣∣∣∣∣ J1
(
m
k
)
Y1
(
m
k
)
J1
(
m
k g(z1)
)
Y1
(
m
k g(z1)
)
∣∣∣∣∣∣ = 0 (2.36)
(where we have suppressed the subscript n on the masses mn) This is essentially the mass
quantization condition which gives the spectrum of the KK states. From the previous
condition we can easily workout the mass spectrum for the KK states:
mn = ξn k e
−kL1 (2.37)
(for n ≥ 1), where ξn in the n-th root of J1(x).
Following the steps of the previous Section, we can get get the scale of gravitational
interactions:
M2Pl =M
3
∫ L1
−L1
dye−2k|y| =
M3
k
[1− e−2kL1 ]. (2.38)
The above formula tells us that for large enough kL1 the three mass scales MPl, M , k can
be taken to be of the same order. Thus we take k ∼ O(M) in order not to introduce a
new hierarchy, with the additional restriction k < M so that the bulk curvature is small
compared to the 5D Planck scale so that we can trust our solution.
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2.3 Solving the hierarchy problem in the two brane model
Let us now how the background vacuum solution of the two brane configuration can be
used in order to solve the gauge hierarchy problem. In order to determine the matter
field Lagrangian we need to know the coupling of the 3-brane fields to the low-energy
gravitational fields, in particular the metric, gµν(x). From Eq. (2.3) we see that ghid = gµν .
This is not the case for the visible sector fields; by Eq. (2.3), we have gvisµν = e
−2kL1gµν .
By properly normalizing the fields we can determine the physical masses. Consider for
example a fundamental Higgs field,
Svis ⊃
∫
d4x
√−gvis{gµνvisDµH†DνH − λ(|H |2 − v20)2}, (2.39)
which contains one mass parameter v0. Substituting g
vis
µν into this action yields
Svis ⊃
∫
d4x
√−ge−4kL1{gµνe2kL1DµH†DνH − λ(|H |2 − v20)2}, (2.40)
After wave-function rescaling, H → ekL1H , we obtain
Seff ⊃
∫
d4x
√−g{gµνDµH†DνH − λ(|H |2 − e−2kL1v20)2}. (2.41)
We see that after this rescaling, the physical mass scales are set by the exponentially
suppressed scale:
v ≡ e−kL1v0. (2.42)
This result is completely general: any mass parameter m0 on the visible 3-brane in the
fundamental higher-dimensional theory will correspond to a physical mass
m ≡ e−kL1m0 (2.43)
when measured with the metric gµν , which is the metric that appears in the effective
Einstein action, since all operators get rescaled according to their four-dimensional con-
formal weight. If ekL1 is of order 1015, this mechanism produces TeV physical mass scales
from fundamental mass parameters not far from the Planck scale, 1018 GeV. Because this
geometric factor is an exponential, we clearly do not require very large hierarchies among
the fundamental parameters.
Of course the latter arguments apply not only in the minimal two brane mode but in
all models with non-factorizable geometry. Thus, solution to the hierarchy problem can
be given in configurations where σ(LBr) << σ(0) (where LBr is the position of the brane
in the extra dimension) since all mass scales m on the brane will be related to the mass
parameters m0 of the fundamental 5D theory by the conformal (warp) factor
m = e−σ(LBr)m0 (2.44)
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Figure 2.1: The ′′ + −+′′ model with two positive tension branes, ′′+′′, on the orbifold
fixed points and a negative, ′′−′′, freely moving in-between.
3 The ′′ +−+′′ Model
Up to now we have considered the two minimal models with one or two branes placed
on the orbifold fixed points. It is interesting to examine the new physics associated with
models with more than two branes. The next-to-minimal models that we will consider are
the ′′ +−+′′, ′′ ++−′′, Gregory-Rubakov-Sibiryakov(GRS) and ′′ + −−+′′ models.
Let us start our discussion with the ′′ + −+′′ model which consists of three parallel
3-branes in an AdS5 space with cosmological constant Λ < 0. The 5-th dimension has the
geometry of an orbifold and the branes are located at L0 = 0, L1 and L2 where L0 and
L2 are the orbifold fixed points (see Fig.(2.1)). Firstly we consider the branes having no
matter on them in order to find a suitable vacuum solution. The action of this setup is:
S =
∫
d4x
∫ L2
−L2
dy
√
−G{−Λ+ 2M3R} −
∑
i
∫
y=Li
d4xVi
√
−Gˆ(i) (2.1)
where Gˆ
(i)
µν is the induced metric on the branes and Vi their tensions. The Einstein equa-
tions that arise from this action are:
RMN − 1
2
GMNR = − 1
4M3
(
ΛGMN +
∑
i
Vi
√
−Gˆ(i)√−G Gˆ
(i)
µνδ
µ
Mδ
ν
Nδ(y − Li)
)
(2.2)
A straightforward calculation, using the ansatz of eq.(2.3) gives us the following differential
equations for σ(y):
(σ′)2 = k2 (2.3)
σ′′ =
∑
i
Vi
12M3
δ(y − Li) (2.4)
where k =
√
−Λ
24M3 .
The solution of these equations consistent with the orbifold geometry is precisely:
σ(y) = k {L1 − ||y| − L1|} (2.5)
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with the requirement that the brane tensions are tuned to V0 = −Λ/k > 0, V1 = Λ/k < 0,
V2 = −Λ/k > 0. If we consider massless fluctuations of this vacuum metric as in the
previous Section and then integrate over the 5-th dimension, we find the 4D Planck mass
is given by
M2Pl =
M3
k
[
1− 2e−2kL1 + e−2k(2L1−L2)
]
(2.6)
The above formula tells us that for large enough kL1 and k (2L1 − L2) the three mass
scales MPl, M , k can be taken to be of the same order. Thus we take k ∼ O(M) in order
not to introduce a new hierarchy, with the additional restriction k < M so that the bulk
curvature is small compared to the 5D Planck scale so that we can trust our solution.
Furthermore, if we put matter on the third brane all the physical masses m on the third
brane will be related to the mass parameters m0 of the fundamental 5D theory by the
conformal (warp) factor
m = e−σ(L2)m0 = e−k(2L1−L2)m0 (2.7)
Thus we can assume that the third brane is our universe and get a solution of the Planck
hierarchy problem arranging e−k(2L1−L2) to be of O(10−15), i.e 2L1 − L2 ≈ 35k−1. In
this case all the parameters of the model L−11 , L
−1
2 and k are of the order of Plank scale.
The KK mass spectrum and wavefunctions are determined by considering the (linear)
fluctuations of the metric like in eq.(2.7)
Here we have ignored the scalar fluctuations of the metric: the dilaton and the radion.
For an extensive account of the modes see Appendix. We will return to the discussion of
these scalar modes at the end of this Chapter.
Following the same steps as in the previous Section we can find that the function
Ψ(n)(y) will obey a second order differential equation which after a change of variables
reduces to an ordinary Schro¨dinger equation:
{
−1
2
∂2z + V (z)
}
Ψˆ(n)(z) =
m2n
2
Ψˆ(n)(z) (2.8)
with V (z) =
15k2
8[g(z)]2
− 3k
2g(z)
[δ(z) + δ(z − z2)− δ(z − z1)− δ(z + z1)] (2.9)
The new variables and wavefunction in the above equation are defined as:
z ≡

2ekL1−e2kL1−ky−1
k y ∈ [L1, L2]
eky−1
k y ∈ [0, L1]
− e−ky−1k y ∈ [−L1, 0]
− 2ekL1−e2kL1+ky−1k y ∈ [−L2,−L1]
(2.10)
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Figure 2.2: The form of the potential V (z) in the case of ′′ +−+′′ model.
Ψˆ(n)(z) ≡ Ψ(n)(y)eσ/2 (2.11)
and the function g(z) as g(z) ≡ k {z1 − ||z| − z1|}+ 1, where z1 = z(L1).
This is a quantum mechanical problem with δ-function potentials of different weight
and an extra 1/g2 smoothing term (due to the AdS geometry) that gives the potential a
double “volcano” form. The change of variables has been chosen so that there are no first
derivative terms in the differential equation.
This potential always gives rise to a (massless) zero mode, with wavefunction:
Ψˆ(0) =
A
[g(z)]3/2
(2.12)
The normalization factor A is determined by the requirement
∫ z2
−z2
dz
[
Ψˆ(0)(z)
]2
= 1, cho-
sen so that we get the standard form of the Fierz-Pauli Lagrangian.
In the specific case where L1 = L2/2 (and with zero hierarchy) the potential and thus
the zero mode’s wavefunction is symmetric with respect to the second brane. When the
second brane moves towards the third one the wavefunction has a minimum on the second
brane but different heights on the other two branes, the difference generating the hierarchy
between the first and the third brane. From now on we will focus on the symmetric case
since it simplifies the calculations without losing the interesting characteristics of the
model.
For the KK modes the solution is given in terms of Bessel functions. For y lying in the
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regions A ≡ [0, L1] and B ≡ [L1, L2], we have:
Ψˆ(n)
{
A
B
}
=
√
g(z)
k
[{
A1
B1
}
J2
(mn
k
g(z)
)
+
{
A2
B2
}
Y2
(mn
k
g(z)
)]
(2.13)
The boundary conditions (one for the continuity of the wavefunction at z1 and three
for the discontinuity of its first derivative at 0, z1, z2) result in a 4× 4 homogeneous linear
system which, in order to have a non-trivial solution, leads to the vanishing determinant:
∣∣∣∣∣∣∣∣∣∣∣∣
J1
(
m
k
)
Y1
(
m
k
)
0 0
0 0 J1
(
m
k g(z2)
)
Y1
(
m
k g(z2)
)
J1
(
m
k g(z1)
)
Y1
(
m
k g(z1)
)
J1
(
m
k g(z1)
)
Y1
(
m
k g(z1)
)
J2
(
m
k g(z1)
)
Y2
(
m
k g(z1)
) −J2 (mk g(z1)) −Y2 (mk g(z1))
∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (2.14)
(where we have suppressed the subscript n on the masses mn) This is essentially the mass
quantization condition which gives the spectrum of the KK states. For each mass we can
then determine the wave function with normalization
∫ z2
−z2
dz
[
Ψˆ(n)(z)
]2
= 1. From the
form of the potential we can immediately deduce that there is a second “bound” state, the
first KK state. In the symmetric case, L1 = L2/2, this is simply given by reversing the
sign of the graviton wave function for y > L1 (it has one zero at L1). When the second
brane moves towards the third this symmetry is lost and the first KK wave function has
a very small value on the first brane, a large value on the third and a zero very close to
the first brane.
The interaction of the KK states to the SM particles is found as in Ref. [21] by expand-
ing the minimal gravitational coupling of the SM Lagrangian
∫
d4x
√
−GˆL
(
Gˆ, SMfields
)
with respect to the metric. After the rescaling due to the “warp” factor we get:
Lint = −g (z2)
3/2
M3/2
∑
n≥0
Ψˆ(n) (z2)h
(n)
µν (x)Tµν (x) =
= − A
M3/2
h(0)µν (x)Tµν (x) −
∑
n>0
Ψˆ(n) (z2) g (z2)
3/2
M3/2
h(n)µν (x)Tµν (x) (2.15)
with Tµν the energy momentum tensor of the SM Lagrangian. Thus the coupling suppres-
sion of the zero and KK modes to matter is respectively:
1
c0
=
A
M3/2
(2.16)
1
cn
=
Ψˆ(n) (z2) g (z2)
3/2
M3/2
(2.17)
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Figure 2.3: The wavefunctions of the zero mode (solid), first (dotted) and second KK state
(dashed).
For the zero mode the normalization constant A is M
3/2
MPl
which gives the Newtonian grav-
itational coupling suppression c0 =MPl.
3.1 The first and subsequent KK modes: Masses and coupling
constants
Let us examine in more details the mass spectrum of the ′′ + −+′′ model. In the case of
the symmetric configuration of branes we have that for the first KK state:
m1 = 2
√
2 k e−2x (2.18)
and for the rest of the tower:
mn+1 = ξn k e
−x n = 1, 2, 3, . . . (2.19)
where ξ2i+1 is the (i+ 1)-th root of J1(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of J1(x)
(i = 1, 2, 3, . . .). The above approximations become better away from x = 0 , x = 0 and
for higher KK levels n. The mass of the first KK state is singled out from the rest of the
KK tower as it has an extra exponential suppression that depends on the mass of the bulk
fermion. In the case that we have a hierarchy w (where w ≡ 1g(z2) = e−σ(L2)) the previous
mass scales are multiplied with w.
Let us now turn to the coupling behaviour of the states. In the symmetric configuration,
the first KK mode has constant coupling equal to that of the 4D graviton:
a1 =
1
M∗
(= a0) where M
2
∗ =
2M3
k
(2.20)
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Excluded by Observational Data
and by the Cavendish Experiments
r0 10µm
m−12
1mm 1026cm
m−11
Figure 2.4: Exclusion regions for the Bi-Gravity case and correlation of the first two KK
states
while the couplings of the rest of the KK tower are exponentially suppressed:
an+1 =
1
M∗
e−x√
J21
(
mnex
k
)
+ J22
(
mnex
k
) n = 1, 2, 3, . . . (2.21)
the latter reveals once more the special character of the first KK state compared to the
rest of the tower: The coupling of the ultralight KK state is indepented of the separation
of the two branes something that shows that this state is strongly localized on the positive
tension branes.
3.2 Bi-Gravity
Equations (2.18) and (2.19) show that, for large x, the lightest KK mode splits off from
the remaining tower. This leads to an exotic possibility in which the lightest KK mode is
the dominant source of Newtonian gravity!
Cavendish experiments and astronomical observations studying the motions of distant
galaxies have put Newtonian gravity to test from sub-millimeter distances up to distances
that correspond to 1% of the size of observable Universe, searching for violations of the
weak equivalence principle and inverse square law. In the context of the graviton KK
modes discussed above this constrains m < 10−31eV or m > 10−4eV. Our exotic scheme
corresponds to the choice m1 ≈ 10−31eV and m2 > 10−4eV. In this case, for length scales
less than 1026cm gravity is generated by the exchange of both the massless graviton and
the first KK mode.
The gravitational potential is computed by the tree level exchange diagrams of the 4D
graviton and KK states which in the Newtonian limit is:
V (r) = −
NΛ∑
n=0
a2n
e−mnr
r
(2.22)
where an is the coupling (2.20),(2.21) and n = 0 accounts for the massless graviton. The
summation stops at some very high level NΛ with mass of the order of the cutoff scale
∼M .
In the “bigravity” scenario, at distances r ≪ m−11 , the first KK state and the 4D
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graviton contribute equally to the gravitational force, i.e.
Vld(r) ≈ − 1
M2∗
(
1
r
+
e−m1r
r
)
≈ −GN
r
(2.23)
where GN ≡ 2M2
∗
. For distances r & m−11 the Yukawa suppression effectively reduces grav-
ity to half its strength. Astronomical constraints and the requirement of the observability
of this effect demand that for k ∼MPl we should have x in the region 65-70. Moreover, at
distances r . m−12 the Yukawa interactions of the remaining KK states are significant and
will give rise to a short distance correction. This can be evaluated by using the asymptotic
expression of the Bessel functions in (2.21) since we are dealing with large x and summing
over a very dense spectrum, giving:
Vsd(r) = −GN
k
NΛ∑
n=2
kπ
2ex
mn
2k
e−mnr
r
(2.24)
At this point we exploit the fact that the spectrum is nearly continuum above m2 and
turn the sum to an integral with the first factor in (2.24) being the integration measure,
i.e.
∑
kπ
2ex =
∑
∆m → ∫ dm (this follows from eq(2.18) for the asymptotic values of the
Bessel roots). Moreover, we can extend the integration to infinity because, due to the
exponential suppression of the integrand, the integral saturates very quickly and thus the
integration over the region of very large masses is irrelevant. The resulting potential is
now:
Vsd(r) = −GN
k
∫ ∞
m2
dm
m
2k
e−mnr
r
(2.25)
The integration is easily performed and gives:
Vsd(r) ≃ −GN
2r
1 +m2r
(kr)2
e−m2r (2.26)
We see these short distance corrections are significant only at Planck scale lengths ∼ k−1.
3.3 ′′ +−+′′ Model Phenomenology
In this Section we will present a discussion of the phenomenology of the KK modes to
be expected in high energy colliders, concentrating on the simple and sensitive to new
physics processes e+e− → µ+µ− (this analysis is readily generalized to include qq¯, gg
initial and final states) and e+e− → γ + missing energy. Since the characteristics of the
phenomenology depend on the parameters of the model (w,k,x) we explore the regions of
the parameter space that are of special interest (i.e. give hierarchy factor O(1015) and do
not introduce a new hierarchy between k and M as seen from equation (2.6)).
Chapter 2: Flat Multi-brane Constructions 28
e+e− → µ+µ− process
Using the Feynman rules of Ref. [21] the contribution of the KK modes to e+e− → µ+µ−
is given by
σ
(
e+e− → µ+µ−) = s3
1280π
|D(s)|2 (2.27)
where D(s) is the sum over the propagators multiplied by the appropriate coupling sup-
pressions:
D(s) =
∑
n>0
1/c2n
s−m2n + iΓnmn
(2.28)
and s is the center of mass energy of e+e−.
Note that the bad high energy behaviour (a violation of perturbative unitarity) of
this cross section is expected since we are working with an effective - low energy non-
renormalizable theory of gravity. We assume our effective theory is valid up to an energy
scale Ms (which is O(TeV)), which acts as an ultraviolet cutoff. The theory that applies
above this scale is supposed to give a consistent description of quantum gravity. Since this
is unknown we are only able to determine the contributions of the KK states with masses
less than this scale. This means that the summation in the previous formula should stop
at the KK mode with mass near the cutoff.
For the details of the calculation it will be important to know the decay rates of the
KK states. These are given by:
Γn = β
m3n
c2n
(2.29)
where β is a dimensionless constant that is between 39320π ≈ 0.039 (in the case that the
KK is light enough, i.e. smaller than 0.5MeV, so that it decays only to massless gauge
bosons and neutrinos) and 71240π ≈ 0.094 (in the case where the KK is heavy enough that
can decay to all SM particles).
If we consider w and k fixed, then when x is smaller than a certain value x0 = x0(w, k)
we have a widely spaced discrete spectrum (from the point of view of TeV physics) close
to the one of the RS case with cross section at a KK resonances of the form σres ∼ s3/m8n
e+
e−
µ+
µ−
√
s
Figure 2.5: e+e− → µ+µ−
29 3 The ′′ +−+′′ Model
e+
e−
γ
KK
e+
e−
KK
γ
e+
e−
KK
γ
e+
e−
KK
γ
Figure 2.6: e+e− → γ KK
(see [22]). For the discrete spectrum there is always a range of values of the x parameter
so that the KK resonances are in the range of energies of collider experiments. In these
cases we calculate the excess over the SM contribution which would have been seen either
by direct scanning if the resonance is near the energy at which the experiments actually
run or by means of the process e+e− → γµ+µ− which scans a continuum of energies below
the center of mass energy of the experiment (of course if k is raised the KK modes become
heavier and there will be a value for which the lightest KK mode is above the experimental
limits).
For values of x greater than x0(k, w) the spacing in the spectrum is so small that we
can safely consider it to be continuous. At this point we have to note that we consider
that the “continuum” starts at the point where the convoluted KK resonances start to
overlap. In this case we substitute in D(s) the sum for n ≥ 2 by an integral over the mass
of the KK excitations, i.e.
D(s)KK ≈ 1/c
2
1
s−m21 + iΓ1m1
+
1
∆m c2
∫ Ms
m2
dm
1
s−m2 + iǫ (2.30)
where the value of the integral is ∼ iπ/2√s with the principal value negligible in the
region of interest (
√
s≪Ms) and we have considered constant coupling suppression c for
the modes with n ≥ 2 (approximation that turns out to be reasonable as the coupling
saturates quickly as we consider higher and higher levels). The first state is singled out
because of its different coupling.
e+e− → γ +missing energy process
The missing energy processes in the SM (i.e. e+e− → γνν¯) are well explored and are a
standard way to count the number of neutrino species. In the presence of the KK modes
there is also a possibility that any KK mode produced, if it has large enough lifetime,
escapes from the detector before decaying, thus giving us an additional missing energy
signal. The new diagrams that contribute to this effect are the ones in the Fig. 2.6.
The differential cross section of the production of a KK mode plus a photon is given
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by Ref. [24] and is equal to:
dσ
dt
(e+e− → γ +KK) = α
16
∑
n>0
1
c2ns
F
(
t
s
,
m2n
s
)
(2.31)
where s, t are the usual Mandelstam variables and the function F is given by:
F (x, y) =
1
x(y − 1− x) [ −4x(1− x)(1 + 2x+ 2x
2) + y(1 + 6x+ 18x2 + 16x3)
−6y2x(1 + 2x) + y3(1 + 4x) ] (2.32)
A reasonable size of a detector is of the order of d = 1m, so we assume that the events
of KK production are counted as missing energy ones if the KK modes survive at least for
distance d from the interaction point (this excludes decays in neutrino pairs which always
give missing energy signal). We can then find a limit on the KK masses that contribute to
the experimental measurement. By a straightforward relativistic calculation we find that
this is the case if:
Γn <
Eγ
mnd
=
s−m2n
2
√
smnd
(2.33)
From equation 2.29 we see that this can be done if:
mn <
√
−c2n + cn
√
c2n + 8βds
3/2
4βd
√
s
(2.34)
It turns out that usually only the first KK state mass satisfies this condition and decays
outside the detector. All the other states have such short lifetimes that decay inside
the detector and so are not counted as missing energy events (again this excludes decays
in neutrino pairs). In the regions of the parameter space where this was not the case,
we found that only a very small part of the KK tower contributed and didn’t give any
important excess in comparison with the one from the first state alone. Thus, taking
only the contribution of the first KK state and imposing the kinematic cuts given by
the experiments on the angular integration, we found the measurable cross section. This
cross section has to be compared to the error of the experimentally measured cross section
because so far the SM predictions coincide with the measured value.
The most stringent measurement available is the one by OPAL Collaboration [23] at
√
s = 183GeV. The measured cross section is σmeas = 4.71 ± 0.34pb so the values of the
parameters of the model that give cross section greater than 0.34pb are excluded. Since
the main contribution comes from the first KK state and because its coupling depends
only on the warp factor w, we will either exclude or allow the whole k-x plane for a given
w. The critical value of w that the KK production cross section equals to the experimental
error is w = 1.8e−35.
It is worth noting that the above cross section is almost constant for different center
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of mass energies
√
s, so ongoing experiments with smaller errors (provided that they are
in accordance with the SM prediction) will push the bound on w further ahead.
Cavendish experiments
A further bound on the parameters of our model can be put from the Cavendish experi-
ments. The fact that gravity is Newtonian at least down to millimeter distances implies
that the corrections to gravitational law due to the presence of the KK states must be
negligible for such distances. The gravitational potential is the Newton law plus a Yukawa
potential due to the exchange of the KK massive particles (in the Newtonian limit):
V (r) = − 1
M2Pl
M1M2
r
(
1 +
∑
n>0
(
MPl
cn
)2
e−mnr
)
(2.35)
The contribution to the above sum of the second and higher modes is negligible com-
pared with the one of the first KK state, because they have larger masses and coupling
suppressions. Thus, the condition for the corrections of the Newton law to be small for
millimeter scale distances is:
x < x˜ = 15− 1
2
ln
(−lnw
kw
GeV
)
(2.36)
k − x plots
As mentioned above the range of the parameter space that we explore is chosen so that
it corresponds to the region of physical interest giving rise to the observed hierarchy
between the electroweak and the Planck scale i.e. w ∼ 10−15, k ∼ MPl. The allowed
regions (unshaded areas) for w = 4.5e−35 and w = 10e−35 are shown in the Figures 2.7
and 2.8. The bounds from the previously mentioned experiments and the form of the
diagram will be now explained in detail.
• e+e− → µ+µ− bounds
As we noted in section 3.1, for relatively small values of x the spectrum is discrete
and as x increases it tends to a continuum (the dashed line shows approximately where
we the spectrum turns from discrete to continuum). In case of the continuum, for the
parameter region that we explore, it turns out that it does not give any bound since
the excess over the SM cross section becomes important only for energies much larger
than 200GeV. However there are significant bounds coming from the discrete spectrum
region, since generally we have KK resonances in the experimentally accessible region and
the convolution of some of them will give significant excess to the SM background. The
exclusion region coming from e+e− → µ+µ−, is the region between the curves (1) and (2).
The details of the bound depend on the behaviour of the couplings and the masses. In this
case the bounds start when the KK states have sufficiently large width and height (i.e.
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large mass and coupling). This is the reason why curve (2) bends to the left as k increases.
The shape of the upper part of the curve (2) comes from the fact that by increasing k we
push the masses of the KK states to larger values so that there is the possibility that the
first KK state has mass smaller that 20GeV and at the same time the rest of tower is above
200GeV (the dotted line is where the second KK states is at 200GeV). The last region is
not experimentally explored at present. An increase of w decreases all the couplings and
thus this will push the bound even more to the left. Decreasing w (e.g. w = e−35), on
the contrary will increase the values of the couplings and there are strict bounds coming
both from the discrete and the continuum. The e+e− → µ+µ− experiments don’t give
any bound when the first KK state has mass bigger than ∼ 200GeV, since in this case the
KK resonances cannot be produced from current experiments and the low energy effects
are negligible for the range of parameters that we examine (this region is represented by
the triangle at the upper left corner of the plot). As colliders probe higher center of mass
energies the curve (1) will be pushed to the left and curve (2) to the right.
• Missing energy bounds
As we noted in section 3.2, the KK states have generally very short lifetime. For certain
value of w, the main contribution to the cross section comes from the first KK state, since
the restriction on the mass (so that the KK states escape the detector) means that only a
few states contribute, even near the boundary of Cavendish bounds where the spacing of
the tower is very small. Decreasing the value of w, we increase the coupling of the first KK
state so for the values of w < 1.8e−35 the contribution from the first KK state becomes
so big that excludes all the region between e+e− → µ+µ− and the Cavendish bound (the
region with the KK tower over 200GeV always survives). Variation of the k, x parameters
in this case does not change significantly the cross section, because the main contribution
comes from the first KK mode whose coupling is constant i.e. independent of k, x and since
although its mass, m1 depends on k the cross section is insensitive to the mass changes
because it is evaluated at energy
√
s = 183GeV where the cross section has saturated.
To summarize, the missing energy bounds either exclude the whole region between the
e+e− → µ+µ− and the Cavendish limits or nothing at all (due to the smallness of the
coupling). Additionally, the missing energy experiments don’t give any bound when the
first KK state has mass bigger than ∼ 143GeV, since in this case the emitted photon has
energy smaller than the experimental cuts. Currently running and forthcoming colliders
will push the bound of w to larger values.
• Cavendish bounds
From the discussion in section 3.3 we see that the bound on the parameter space from
Cavendish experiments comes from Eq. (2.36). The exclusion region is the one that
extends to the right of the line (3) of the plots. For fixed k, w the Cavendish bounds
exclude the region x > x˜(k, w) due to the fact that the first KK becomes very light
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Figure 2.7: Excluded regions (shaded areas) for w = 4.5e−35.
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Figure 2.8: Excluded regions (shaded areas) for w = 10e−35.
(and its coupling remains constant). Now if we increase k, since the masses of the KK are
proportional to it, we will have an exclusion region of x > x˜(k′, w), with x˜(k′, w) > x˜(k, w).
This explains the form of the Cavendish bounds. When we increase the w parameter the
whole bound will move to the right since the couplings of the KK states decrease. Future
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Cavendish experiments testing the Newton’s law at smaller distances will push the curve
(3) to the left.
4 The three-brane ′′ ++−′′ Model
One other extension of the RS model is the ′′ + +−′′ model. In this case although there
are two positive tension branes - no light state appears since they act as a single positive
tension brane resulting to a phenomenology similar to the RS one. In this Section we
examine in detail this configuration.
The ′′++−′′ model (see Fig.2.9) consists of three parallel 3-branes in AdS5 spacetime
with orbifold topology, two of which are located at the orbifold fixed points L0 = 0 and
L2 while the third one is moving at distance L1 in between. In order to get 4D flat space
with this configuration, it turns out that the AdS5 space must have different cosmological
constants Λ1 and Λ2 between the first - second and the second - third brane respectively
with |Λ2| > |Λ1| (see [98] for constructions of different bulk cosmological constants). The
action of the above setup (if we neglect the matter contribution on the branes in order to
find a suitable vacuum solution) is given by:
S =
∫
d4x
∫ L2
−L2
dy
√−G[−Λ(y) + 2M3R]−
∑
i
∫
y=yi
d4xVi
√
−Gˆ(i)(2.37)
with Λ(y) =
{
Λ1 , y ∈ [0, L1]
Λ2 , y ∈ [L1, L2]
where Gˆ
(i)
µν is the induced metric on the branes, Vi are their tensions and M the 5D
fundamental scale.Again, we consider the vacuum metric ansatz that respects 4D Poincare´
invariance:
ds2 = e−2σ(y)ηµνdxµdxν + dy2 (2.38)
+ −
+
+
L1
L2
−L1
Z2
x = k2(L2 − L1)
Figure 2.9: The brane locations in the three-brane ′′ + +−′′ model. The bulk curvature
between the ′′+′′ branes is k1 and between the ′′+′′ and ′′−′′ brane is k2.
The above ansatz substituted in the Einstein equations requires that σ(y) satisfies the
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differential equations:
σ′′ =
∑
i
Vi
12M3
δ(y − Li) and (σ′)2 =
{
k21 , y ∈ [0, L1]
k22 , y ∈ [L1, L2] (2.39)
where k1 =
√
−Λ1
24M3 and k2 =
√
−Λ2
24M3 are effectively the bulk curvatures in the two regions
between the branes. The solution of these equations for y > 0 it is given by:
σ(y) =
{
k1y , y ∈ [0, L1]
k2(y − L1) + k1L1 , y ∈ [L1, L2] (2.40)
Einstein’s equations impose the following conditions on the brane tensions :
V0 = 24M
3k1, V1 = 24M
3k2 − k1
2
, V2 = −24M3k2 (2.41)
If we consider massless fluctuations of this vacuum metric and then integrate over the 5-th
dimension, we find the 4D Planck mass is given by:
M2Pl =M
3
[
1
k1
(
1− e−2k1L1)+ 1
k2
e2(k2−k1)L1
(
e−2k2L1 − e−2k2L2)] (2.42)
The above formula tells us that for large enough kL1 and kL2 the four mass scales
MPl, M , k1 and k2 can be taken to be of the same order. Thus we take k1, k2 ∼ O(M)
in order not to introduce a new hierarchy, with the additional restriction k1 < k2 < M
so that the bulk curvature is small compared to the 5D Planck scale and we can trust
the solution. Furthermore, if we put matter on the second brane all the physical masses
m on it will be related to the mass parameters m0 of the fundamental 5D theory by the
conformal “warp” factor
m = e−σ(L1)m0 = e−k1L1m0 (2.43)
This allows us to put the SM states on the intermediate ′′+′′ brane, solving the Planck
hierarchy problem by choosing e−kL1 to be of O(10−15), i.e L1 ≈ 35k−1.
The KK spectrum can be as usual found by considering the linear “massive” fluctua-
tions of the metric 3.
The wavefunction Ψ(n)(y) obeys a second order differential equation and carries all the
information about the effect of the non-factorizable geometry on the graviton and the KK
states. After a change of coordinates and a redefinition of the wavefunction the problem
reduces to the solution of an ordinary Schro¨dinger equation:
{
−1
2
∂2z + V (z)
}
Ψˆ(n)(z) =
m2n
2
Ψˆ(n)(z) (2.44)
3Again we will ignored the radion/dilaton modes that could be used to stabilize the brane positions
L1 and L2. For discussion and possible stabilization mechanisms see [63]
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where the potential V (z) for z > 0 has the form:
V (z) =
15
8[g(z)]2
[
k21(θ(z)− θ(z − z1)) + k22(θ(z − z1)− θ(z − z2))
]
− 3
2g(z)
[
k1δ(z) +
(k2 − k1)
2
δ(z − z1)− k2δ(z − z2)
]
(2.45)
The new coordinates and wavefunction in the above equations are defined by:
z ≡
 e
k1y−1
k1
, y ∈ [0, L1]
ek2(y−L1)+k1L1
k2
+ e
k1L1−1
k1
− ek1L1k2 , y ∈ [L1, L2]
(2.46)
Ψˆ(n)(z) ≡ Ψ(n)(y)eσ/2 (2.47)
with the symmetric z for y < 0 and the function g(z) as:
g(z) =
{
k1z + 1 , z ∈ [0, z1]
k2(z − z1) + k1z1 + 1 , z ∈ [z1, z2] (2.48)
where z1 = z(L1) and z2 = z(L2). The change of coordinates has been chosen so that there
are no first derivative terms in the differential equation. Furthermore, in this coordinate
system it can be easily seen that the vacuum metric takes the conformaly flat form:
ds2 =
1
g(z)2
(
ηµνdx
µdxν + dz2
)
(2.49)
The potential (2.45) always gives rise to a massless graviton zero mode which reflects
the fact that Lorentz invariance is preserved in 4D spacetime. Its wavefunction is given
by:
Ψˆ(0) =
A
[g(z)]3/2
(2.50)
with normalization factor A determined by the requirement
∫ z2
−z2
dz
[
Ψˆ(0)(z)
]2
= 1, cho-
sen so that we get the standard form of the Fierz-Pauli Lagrangian (the same holds for
the normalization of all the other states).
For the massive KK modes the solution is given in terms of Bessel functions. For y
lying in the regions A ≡ [0, L1] and B ≡ [L1, L2], we have:
Ψˆ(n)
{
A
B
}
= Nn

√
g(z)
k1
[
Y2
(
mn
k1
g(z)
)
+A J2
(
mn
k1
g(z)
)]
√
g(z)
k2
[
B1Y2
(
mn
k2
g(z)
)
+B2J2
(
mn
k2
g(z)
)]
 (2.51)
The boundary conditions (one for the continuity of the wavefunction at z1 and three
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for the discontinuity of its first derivative at 0, z1, z2) result in a 4× 4 homogeneous linear
system which, in order to have a non-trivial solution, should have a vanishing determinant:
∣∣∣∣∣∣∣∣∣∣∣∣
Y1
(
m
k1
)
J1
(
m
k1
)
0 0
0 0 Y1
(
m
k2
g(z2)
)
J1
(
m
k2
g(z2)
)
Y1
(
m
k1
g(z1)
)
J1
(
m
k1
g(z1)
)
−
√
k1
k2
Y1
(
m
k2
g(z1)
)
−
√
k1
k2
J1
(
m
k2
g(z1)
)
Y2
(
m
k1
g(z1)
)
J2
(
m
k1
g(z1)
)
−
√
k1
k2
Y2
(
m
k2
g(z1)
)
−
√
k1
k2
J2
(
m
k2
g(z1)
)
∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (2.52)
(The subscript n on the masses mn has been suppressed.)
4.1 Masses and Couplings
The above quantization condition determines the mass spectrum of the model. The pa-
rameters we have are k1, k2, L1, L2 with the restriction k1 < k2 < M and k1 ∼ k2 so that
we don’t introduce a new hierarchy. It is more convenient to introduce the parameters
x = k2(L2 − L1), w = e−k1L1 and work instead with the set k1, k2, x, w. From now on
we will assume that w ≪ 1 (w ∼ O (10−15) as is required if the model is to provide an
explanation of the hierarchy problem).
For the region x & 1 it is straightforward to show analytically that all the masses of
the KK tower scale in the same way as x is varied:
mn = ξnk2we
−x (2.53)
where ξn is the n-th root of J1(x). This should be compared with the ”+−+” ′′+−+′′model
in which m1 ∝ kwe−2x and mn+1 ∝ kwe−x, where x is the separation between the ′′−′′
and the second ′′+′′ brane. This significant difference can be explained by the fact that
in the ′′ + +−′′case the negative tension brane creates a potential barrier between the
two attractive potentials created by the positive tension branes. As a result the wave
function in the region of the ′′−′′ brane is small due to the tunneling effect. The two
attractive potentials support two bound states, one the graviton and the other the first
KK mode. The mass difference between the two is determined by the wave function in
the neighbourhood of the ′′−′′ brane and is thus very small. On the other hand the wave
function between the two ′′+′′ branes in the ′′ + +−′′ configuration is not suppressed by
the need to tunnel and hence the mass difference between the zero mode and the first KK
mode is also not suppressed. This has as result the two ′′+′′ branes behave approximately
as one. This becomes even more clear when x≫ 1 where the model resembles the ′′ +−′′
RS construction. Indeed, in this limit the mass spectrum becomesmn = ξnk2e
−k2L2 which
is exactly that of the ′′ +−′′ RS model with orbifold size L2 and bulk curvature k2.
In the region x . 1 the relation of eq(2.53) breaks down. As reduce x the second
′′+′′ comes closer and closer to the ′′−′′ brane and in the limit x → 0 (i.e. L2 = L1) the
combined brane system behaves as a single ′′−′′ brane, reducing to the ′′ +−′′ RS model.
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In this limit the spectrum is given by:
mn = ξnk1w (2.54)
which is just the one of the ′′ +−′′ RS model. In the region 0 6 x . 1 the mass spectrum
interpolates between the relations (2.53) and (2.54).
The fact that there is nothing special about the first KK mode is true also for its
coupling on the second ′′+′′ brane. The interaction of the KK states on the second ′′+′′
brane is given by:
Lint =
∑
n≥0
anh
(n)
µν (x)Tµν(x) , with an =
[
g(z1)
M
]3/2
Ψˆ(n)(z1) (2.55)
In the RS limit (x = 0) all the states of the KK tower have equal coupling given by:
an =
1
wMPl
(2.56)
As we increase x, the lower a state is in the tower, the more strongly it couples,
i.e. a1 > a2 > a3 > · · · (with a1 < (wMPl)−1) and tends to a constant value for high
enough levels. At some point this behaviour changes, the levels cross and for x & 1 the
situation is reversed and the lower a state is in the tower, the more weakly it couples, i.e.
a1 < a2 < a3 < · · ·. In this region it is possible to obtain a simple analytical expression
for the couplings:
an =
8ξ2n
J2 (ξn)
(
k2
k1
)3/2
1
wMPl
e−3x (2.57)
Here, we also see that the first KK state scales in exactly the same way as the remaining
states in the tower with respect to x, a behaviour quite different to that in the ” +−+ ”
model in which the coupling is x-independent. Furthermore, the coupling falls as e−3x, i.e.
much faster than e−x as one would naively expect. This can be explained by looking at the
origin of the x-dependence of the wavefunction. For increasing x the normalization volume
coming from the region between L1 and L2 dominates and the normalization constant in
(2.51) scales as Nn ∝ e−3x. This rapid decrease is not compensated by the increase of
the value of the remaining wavefunction (which from (2.51) is approximately constant).
Thus, although the two ′′+′′ branes in the large x limit behave as one as far as the mass
spectrum is concerned, their separation actually makes the coupling of the KK modes very
different.
5 The GRS model
When the compactification volume becomes infinite, the zero mode fails to be normaliz-
able and thus the theory has no massless graviton. However gravitational interactions at
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Figure 2.10: The GRS constuction.
intermediate distances can be reproduced if the KK states have specific behaviour. Such
an example is given in this Section through the GRS model.
The GRS model consists of one brane with tension V0 > 0 and two branes with equal
tensions V1 = −V0/2 placed at equal distances to the right and to the left of the positive
tension brane in the fifth direction. The two negative tension branes are introduced for
simplicity, to have Z2 symmetry, y → −y, in analogy to RS model (hereafter y denotes the
fifth coordinate). It is assumed that conventional matter resides on the positive tension
brane, and in what follows we will be interested in gravitational interactions of this matter.
The physical set-up (for y > 0) is as follows: The bulk cosmological constant between
the branes, Λ, is negative as in the RS model, however, in contrast to that model, is zero
to the right of the negative tension brane. With appropriately tuned Λ, there exists a
solution to the five-dimensional Einstein equations for which both positive and negative
tension branes are at rest at y = 0 and y = yc respectively, yc being an arbitrary constant
The metric of this solution for this set-up is
ds2 = a2(y)ηµνdx
µdxν + dy2 (2.58)
where
a(y) =
{
e−ky 0 < y < yc
e−kyc ≡ a− y > yc (2.59)
Where k =
√
−Λ
24M3 and V0 = −Λk . The four-dimensional hypersurfaces y = const. are
flat, the five-dimensional space-time is flat to the right of the negative-tension brane and
anti-de Sitter between the branes. The spacetime to the left of the positive tension brane
is of course a mirror image of this set-up.
This background has two length scales, k−1 and ζc ≡ k−1ekyc . We will consider the
case of large enough zc, in which the two scales are well separated, ζc ≫ k−1. We will
see that gravity in this model is effectively four-dimensional at distances r belonging to
the interval k−1 ≪ r ≪ ζc(kζc)2, and is five-dimensional both at short distances, r ≪ k−1
(this situation is exactly the same as in RS model), and at long distances, r ≫ ζc(kζc)2.
In the latter regime of very long distances the five-dimensional gravitational constant gets
effectively renormalized and no longer coincides with G5.
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To find the gravity law experienced by matter residing on the positive tension brane, let
us study gravitational perturbations about the background metric (2.58). We will work in
the Gaussian Normal (GN) gauge, gzz = −1, gzµ = 0. The linearized theory is described
by the metric
ds2 = a2(y)ηµνdx
µdxν + hµν(x, y)dx
µdxν + dy2 (2.60)
In the transverse-traceless gauge, hµµ = 0, h
ν
µ,ν = 0, and the linearized Einstein equations
take the form for all components of hµν ,
{
h′′ − 4k2h− 1a2✷(4)h = 0 0 < y < yc
h′′ − 1
a2
−
✷
(4)h = 0 y > yc
(2.61)
The Israel junction conditions on the branes are
{
h′ + 2kh = 0 at y = 0
[h′]− 2kh = 0 at y = yc (2.62)
where [h′] is the discontinuity of the y-derivative of the metric perturbation at zc, and
four-dimensional indices are omitted. A general perturbation is a superposition of modes,
h = ψ(y)eipµx
µ
with p2 = m2, where ψ obeys the following set of equations in the bulk,
{
ψ′′ − 4k2ψ + m2a2 ψ = 0 0 < y < yc
ψ′′ + m
2
a2
−
ψ = 0 y > yc
(2.63)
with the junction conditions (2.62) (replacing h by ψ). It is straightforward to check that
there are no negative modes, i.e., normalizable solutions to these equations with m2 < 0.
There are no normalizable solutions with m2 ≥ 0 either, so the spectrum is continuous,
beginning at m2 = 0. To write the modes explicitly, it is convenient to introduce a new
coordinate between the branes, ζ = 1k e
ky, in terms of which the background metric is
conformally flat. Then the modes have the following form,
ψm =
{
Cm
[
N1
(
m
k
)
J2(mζ)− J1
(
m
k
)
N2(mζ)
]
0 < y < yc
Am cos
(
m
a−
(y − yc)
)
+Bm sin
(
m
a−
(y − yc)
)
y > yc
(2.64)
where N and J are the Bessel functions. The constants Am, Bm and Cm obey two relations
due to the junction conditions at the negative tension brane. Explicitly,
Am = Cm
[
N1
(m
k
)
J2(mζc)− J1
(m
k
)
N2(mζc)
]
(2.65)
Bm = Cm
[
N1
(m
k
)
J1(mζc)− J1
(m
k
)
N1(mζc)
]
(2.66)
The remaining overall constant Cm is obtained from the normalization condition. The
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latter is determined by the explicit form of Eq. (2.63) and reads
∫
ψ∗m(y)ψm′(y)
dy
a2(y)
= δ(m−m′) (2.67)
One makes use of the asymptotic behaviour of ψm at y →∞ and finds
π
a−
(|Am|2 + |Bm|2) = 1 (2.68)
which fixes Cm from (2.65) and (2.66).
It is instructive to consider two limiting cases. At mζc ≫ 1 we obtain by making use
of the asymptotics of the Bessel functions,
C2m =
m
2k
[
J21
(m
k
)
+N21
(m
k
)]−1
(2.69)
which coincides, as one might expect, with the normalization factor for the massive modes
in RS model. In the opposite case mζc ≪ 1 (notice that this automatically implies
m/k≪ 1), the expansion of the Bessel functions in Eqs. (2.65) and (2.66) yields
C2m =
π
(kζc)3
(
1 +
4
(mζc)2(kζc)4
)−1
(2.70)
It is now straightforward to calculate the static gravitational potential between two
unit masses placed on the positive-tension brane at a distance r from each other. This
potential is generated by the exchange of the massive modes.
V (r) = G5
∫ ∞
0
dm
e−mr
r
ψ2m(y = 0) (2.71)
It is convenient to divide this integral into two parts,
V (r) = G5
∫ ζ−1c
0
dm
e−mr
r
ψ2m(0) +G5
∫ ∞
ζ−1c
dm
e−mr
r
ψ2m(0) (2.72)
At r≫ k−1, the second term in Eq. (2.72) is small and it is similar to the contribution of
the continuum modes to the gravitational potential in RS model. It gives short distance
corrections to Newton’s law,
∆Vshort(r) ∼ G5
kr3
=
GN
r
· 1
k2r2
(2.73)
where GN = G5k is the four-dimensional Newton constant.
Of greater interest is the first term in Eq. (2.72) which dominates at r ≫ k−1. Substi-
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tuting the normalization factor (2.70) into this term, we find
V (r) =
G5
r
∫ ζ−1c
0
dm
π
(kζc)3
(
1 +
4
(mζc)2(kζc)4
)−1
4k2
π2m2
e−mr (2.74)
This integral is always saturated at m . r−1c ≪ ζ−1c , where
rc = ζc(kζc)
2 ≡ k−1e3kyc (2.75)
Therefore, we can extend the integration to infinity and obtain
V (r) =
GN
r
· 2
π
∫ ∞
0
dx
e−
2r
rc
x
x2 + 1
(2.76)
=
2GN
πr
[ci(2r/rc) sin(2r/rc)− si(2r/rc) cos(2r/rc)]
where x = mrc/2, and ci/si(t) = −
∫∞
t
cos / sin(u)
u du are the sine and cosine integrals. We
see that V (r) behaves in a peculiar way. At r ≪ rc, the exponential factor in Eq. (2.76)
can be set equal to one and the four-dimensional Newton law is restored, V (r) = GN/r.
Hence, at intermediate distances, k−1 ≪ r ≪ rc, the collection of continuous modes with
m ∼ r−1c has the same effect as the graviton bound state in RS model. However, in the
opposite case, r ≫ rc, we find
V (r) =
GN rc
πr2
(2.77)
which has the form of “Newton’s law” of five-dimensional gravity with a renormalized
gravitational constant.
It is clear from Eq. (2.76) that at intermediate distances, k−1 ≪ r ≪ rc, the four-
dimensional Newtonian potential obtains not only short distance corrections, Eq. (2.73),
but also long distance ones, V (r) = GN/r + ∆Vshort(r) + ∆Vlong(r). The long distance
corrections are suppressed by r/rc, the leading term being
∆Vlong(r) =
GN
r
· r
rc
· 4
π
(
ln
2r
rc
+C− 1
)
(2.78)
where C is the Euler constant. The two types of corrections, Eqs. (2.73) and (2.78), are
comparable at roughly r ∼ ζc. At larger r, deviations from the four-dimensional Newton
law are predominantly due to the long-distance effects.
In this scenario, the approximate four-dimensional gravity law is valid over a finite
range of distances. Without strong fine-tuning however, this range is large, as required
by phenomenology. Indeed, the exponential factor in Eq. (2.75) leads to a very large rc
even for microscopic separations, zc, between the branes. As an example, for k ∼MPl we
only require zc ∼ 50lPl to have rc ∼ 1028 cm, the present horizon size of the Universe, i.e.,
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with mild assumptions about zc, the four-dimensional description of gravity is valid from
the Planck to cosmological scales (in this example, long distance corrections to Newton’s
gravity law dominate over short distance ones at r . ζc ∼ 10−13 cm).
6 The four-brane ′′ +−−+′′ Model
In this section we discuss the four-brane model in order to clarify the relation between the
“bigravity” ′′ + −+′′ model with the GRS model. In particular we wish to explore and
compare the modification of gravity at large scales predicted by each model.
In the case of the ′′+−+′′ model, in the limit of very large x, gravity results from the net
effect of both the massless graviton and the ultralight first KK state. The modifications of
gravity at very large distances come from the fact that the Yukawa type suppression of the
gravitational potential coming from the KK state turns on at the Compton wavelength
of the state. On the other hand, the GRS model has a continuous spectrum with no
normalizable zero mode. However, the values of the KK states wavefunctions on the ′′+′′
brane have a “resonance”-like behaviour [42] which give rise to 4D gravity at distances
smaller than the Compton wavelength of its width. Beyond this scale gravity becomes
five-dimensional.
The four-brane GRS configuration can be obtained from the ” + − + ” model by
“cutting” the ′′−′′ brane in half, i.e. instead of having one ′′−′′ brane one can take two
′′−′′ branes of half the tension of the original one (′′− 1/2′′ branes), having flat spacetime
between them (see Fig.(2.11). Finally if the second ′′+′′ brane is taken to infinity together
with one of the ′′ − 1/2′′ branes we shall get precisely the GRS picture.
Let us discuss the four-brane ′′ + − − +′′ model in more detail. It consists of 5D
spacetime with orbifold topology with four parallel 3-branes located at L0 = 0, L1, L2 and
L3, where L0 and L3 are the orbifold fixed points (see Fig.(2.11)). The bulk cosmological
constant Λ is negative (i.e. AdS5 spacetime) between the branes with opposite tension
and zero (i.e. flat spacetime) between the two ′′ − 1/2′′ branes. The model has four
parameters namely L1, L2 and L3 and Λ. For our present purposes we consider the
symmetric configuration, leaving 3 parameters, l, l− and Λ where l ≡ L1 = L3 − L2 and
l− ≡ L2 − L1. In the absence of matter the model is described by eq(2.37) with
Λ(y) =
{
0 , y ∈ [L1, L2]
Λ , y ∈ [0, L1]
⋃
[L2, L3]
(2.79)
By considering the ansatz eq(2.3) the “warp” function σ(y) must satisfy:
σ′′ =
∑
i
Vi
12M3
δ(y − Li) and (σ′)2 =
{
0 , y ∈ [L1, L2]
k2 , y ∈ [0, L1]
⋃
[L2, L3]
(2.80)
where k =
√
−Λ
24M3 is a measure of the bulk curvature and we take V0 = V3 = −2V1 =
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Figure 2.11: ′′ + − − +′′ configuration with scale equivalent ′′+′′ branes. The distance
between the ′′+′′ and ′′ − 1/2′′ branes is l = L1 = L3−L2 while the distance between the′′− 1/2′′ branes is l− = L2−L1. The curvature of the bulk between the ′′+′′ and ′′− 1/2′′
branes is k.
−2V2 ≡ V . The solution for y > 0 is:
σ(y) =

ky , y ∈ [0, L1]
kL1 , y ∈ [L1, L2]
kL1 + k(L2 − y) , y ∈ [L2, L3]
(2.81)
Furthermore, 4D Poincare invariance requires the fine tuned relation:
V = −Λ
k
(2.82)
In order to determine the mass spectrum and the couplings of the KK modes we
consider linear “massive” metric fluctuations as in eq(2.7). Following the same procedure
we find that the function Ψˆ(n)(z) obeys a Schro¨dinger-like equation with potential V (z)
of the form:
V (z) =
15k2
8[g(z)]2
[θ(z)− θ(z − z1) + θ(z − z2)− θ(z − z3)]
− 3k
2g(z)
[
δ(z)− 1
2
δ(z − z1)− 1
2
δ(z − z2) + δ(z − z3)
]
(2.83)
The conformal coordinates now are given by:
z ≡

eky−1
k , y ∈ [0, L1]
(y − l)ekl + ekl−1k , y ∈ [L1, L2]
− 1k e2kl+kl−e−ky + l−ekl + 2k ekl − 1k , y ∈ [L2, L3]
(2.84)
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g(z) =
 kz + 1 , z ∈ [0, z1]kz1 + 1 , z ∈ [z1, z2]
k(z2 − z) + kz1 + 1 , z ∈ [z2, z3]
(2.85)
where z1 = z(L1), z2 = z(L2) and z3 = z(L3).
The potential (2.83) again gives rise to a massless graviton zero mode whose wavefunc-
tion is given by (2.50) with the same normalization convention. Note, however, that in
the limit l− → ∞ this mode becomes non-normalizable (GRS case). The solution of the
Schro¨dinger equation for the massive KK modes is:
Ψˆ(n)
 AB
C
 = Nn

√
g(z)
k
[
Y2
(
mn
k g(z)
)
+A J2
(
mn
k g(z)
)]
B1 cos(mnz) +B2 sin(mnz)√
g(z)
k
[
C1Y2
(
mn
k g(z)
)
+ C2J2
(
mn
k g(z)
)]
 (2.86)
where A = [0, z1], B = [z1, z2], and C = [z2, z3]. We observe that the solution in the first
and third interval has the same form as in the ′′ + −+′′ model. The new feature is the
second region (flat spacetime). The coefficients that appear in the solution are determined
by imposing the boundary conditions and normalizing the wavefunction.
The boundary conditions (two for the continuity of the wavefunction at z1, z2 and
four for the discontinuity of its first derivative at 0, z1, z2 and z3) result in a 6 × 6
homogeneous linear system which, in order to have a non-trivial solution, should have
vanishing determinant. It is readily reduced to a 4 × 4 set of equations leading to the
quantization condition:
∣∣∣∣∣∣∣∣∣∣∣∣∣
Y2
(
g1
m
k
)
−
Y1(mk )
J1(mk )
J2
(
g1
m
k
)
− cos(mz1) − sin(mz1) 0
Y1
(
g1
m
k
)
−
Y1(mk )
J1(mk )
J1
(
g1
m
k
)
sin(mz1) − cos(mz1) 0
0 − sin(mz2) cos(mz2) Y1
(
g2
m
k
)
−
Y1(g3mk )
J1(g3mk )
J1
(
g2
m
k
)
0 cos(mz2) sin(mz2) −Y2
(
g2
m
k
)
+
Y1(g3mk )
J1(g3mk )
J2
(
g2
m
k
)
∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0
(2.87)
with g1 = g(z1), g2 = g(z2) and g3 = g(z3). Here we have suppressed the subscript n on
the masses mn.
6.1 The Mass Spectrum
The above quantization condition provides the mass spectrum of the model. It is conve-
nient to introduce two dimensionless parameters, x = kl and x− = kl− (c.f. Fig.(2.11))
and we work from now on with the set of parameters x, x− and k. The mass spectrum
depends crucially on the distance x−. We must recover the ′′ + −+′′ spectrum in the
limit x− → 0, and the GRS spectrum in the limit x− → ∞. From the quantization con-
dition, eq(2.87) it is easy to verify these features and show how the ′′ +−−+′′ spectrum
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smoothly interpolates between the ′′ + −+′′ model and the GRS one. It turns out that
the structure of the spectrum has simple x− and x dependence in three separate regions
of the parameter space:
The three-brane ′′ +−+′′ Region
For x− <∼ 1 we find that the mass spectrum is effectively x−-independent given by the
approximate form:
m1 = 2
√
2ke−2x (2.88)
mn+1 = ξnke
−x n = 1, 2, 3, . . . (2.89)
where ξ2i+1 is the (i+ 1)-th root of J1(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of J2(x)
(i = 1, 2, 3, . . .). As expected the mass spectrum is identical to the one of the ′′ + −+′′
model for the trivial warp factor w = 1. The first mass is manifestly singled out from the
rest of the KK tower and for large x leads to the possibility of bigravity.
The Saturation Region
For 1≪ x− ≪ e2x we find a simple dependence on x− given by the approximate analytic
form:
m1 = 2k
e−2x√
x−
(2.90)
mn+1 = nπk
e−x
x−
n = 1, 2, 3, . . . (2.91)
As x− increases the first mass decreases less rapidly than the other levels.
The GRS Region
For x− ≫ e2x the first mass is no longer special and scales with respect to both x and x−
in the same way as the remaining tower:
mn = nπk
e−x
x−
n = 1, 2, 3, . . . (2.92)
The mass splittings ∆m tend to zero as x− → ∞ and we obtain the GRS continuum of
states
The behaviour of the spectrum is illustrated in Figure 3.
6.2 Multigravity
Armed with the details how the spectrum smoothly changes between the ′′ +−+′′ model
(x− = 0) and the GRS model (x− →∞), we can now discuss the possibilities for modifying
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Figure 2.12: The behaviour of the mass of the first five KK states in the three regions of
simple x, x− dependence. The first dot at zero stands for the graviton.
gravity at large distances. The couplings of the KK states with matter on the left ′′+′′
brane are readily calculated by the interaction Lagrangian (2.55) with:
an =
[
g(0)
M
]3/2
Ψˆ(n)(0) (2.93)
Bigravity Region
In the KPMRS limit, x− → 0, the first KK mode has constant coupling equal to that of
the 4D graviton:
a1 =
1
M∗
(= a0) where M
2
∗ =
2M3
k
(2.94)
while the couplings of the rest of the KK tower are exponentially suppressed:
an+1 =
1
M∗
e−x√
J21
(
mnex
k
)
+ J22
(
mnex
k
) n = 1, 2, 3, . . . (2.95)
The gravitational potential is computed by the tree level exchange diagrams of the 4D
graviton and KK states which in the Newtonian limit is:
V (r) = −
NΛ∑
n=0
a2n
e−mnr
r
(2.96)
where an is the coupling (2.93) and n = 0 accounts for the massless graviton. The
summation stops at some very high level NΛ with mass of the order of the cutoff scale
∼M .
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In the “bigravity” scenario, at distances r ≪ m−11 , the first KK state and the 4D
graviton contribute equally to the gravitational force, i.e.
Vld(r) ≈ − 1
M2∗
(
1
r
+
e−m1r
r
)
≈ −GN
r
(2.97)
where GN ≡ 2M2
∗
. For distances r & m−11 the Yukawa suppression effectively reduces grav-
ity to half its strength. Astronomical constraints and the requirement of the observability
of this effect demand that for k ∼MPl we should have x in the region 65-70. Moreover, at
distances r . m−12 the Yukawa interactions of the remaining KK states are significant and
will give rise to a short distance correction. This can be evaluated by using the asymptotic
expression of the Bessel functions in (2.95) since we are dealing with large x and summing
over a very dense spectrum, giving:
Vsd(r) = −GN
k
NΛ∑
n=2
kπ
2ex
mn
2k
e−mnr
r
(2.98)
At this point we exploit the fact that the spectrum is nearly continuum above m2 and
turn the sum to an integral with the first factor in (2.105) being the integration measure,
i.e.
∑ kπ
2ex =
∑
∆m → ∫ dm (this follows from eq(2.89) for the asymptotic values of the
Bessel roots). Moreover, we can extend the integration to infinity because, due to the
exponential suppression of the integrand, the integral saturates very quickly and thus the
integration over the region of very large masses is irrelevant. The resulting potential is
now:
Vsd(r) = −GN
k
∫ ∞
m2
dm
m
2k
e−mnr
r
(2.99)
The integration is easily performed and gives:
Vsd(r) ≃ −GN
2r
1 +m2r
(kr)2
e−m2r (2.100)
We see these short distance corrections are significant only at Planck scale lengths ∼ k−1.
The GRS Region
In the GRS limit, x− ≫ e2x, we should reproduce the “resonance”-like behaviour of the
coupling in the GRS model. In the following we shall see that indeed this is the case and
we will calculate the first order correction to the GRS potential for the case x− is large
but finite.
For the rest of the section we split the wavefunction (2.86) in two parts, namely the
normalization Nn and the unnormalized wavefunction Ψ˜
(n)(z), i.e. Ψˆ(n)(z) = NnΨ˜
(n)(z).
The former is as usual chosen so that we get a canonically normalized Pauli-Fierz La-
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grangian for the 4D KK modes h
(n)
µν and is given by:
N2n =
1/2
2
∫ z1
0
dz
[
Ψ˜(n)(z)
]2
+
∫ z2
z1
dz
[
Ψ˜(n)(z)
]2 (2.101)
The value of Ψ˜(n)(z) on the left ′′+′′ brane is, for mn ≪ k:
Ψ˜2(n)(0) ≃
16k3
π2m4n
(2.102)
It is convenient to split the gravitational potential given by the relation (2.96) into two
parts:
V (r) = − 1
M3
Nx
−
−1∑
n=1
e−mnr
r
N2nΨ˜
2
(n)(0)−
1
M3
NΛ∑
n=Nx
−
e−mnr
r
N2nΨ˜
2
(n)(0) (2.103)
As we shall see this separation is useful because the first Nx− states give rise to the long
distance gravitational potential Vld while the remaining ones will only contribute to the
short distance corrections Vsd.
• Short Distance Corrections
We first consider the second term. The normalization constant in this region is com-
puted by considering the asymptotic expansions of the Bessel functions with argument
g(z1)mn
k . It is easily calculated to be:
N2n =
π3m5n
32k3g(z1)x−
[
1
1 + 2x−
]
(2.104)
If we combine the above normalization with unnormalized wavefunction (2.102), we
find
Vsd(r) ≃ − 1
M3
NΛ∑
n=Nx
−
kπ
x−ex
mn
2k
e−mnr
r
[
1
1 + 2x−
]
(2.105)
Since we are taking x− ≫ e2x, the spectrum tends to continuum, i.e. Nn → N(m),
Ψ˜(n)(0)→ Ψ˜(m), and the sum turns to an integral where the first factor in (2.105) is the
integration measure, i.e.
∑
kπ
x−ex
=
∑
∆m → ∫ dm (c.f. eq(2.92)). Moreover, as before
we can again extend the integration to infinity. Finally, we expand the fraction involving
x− keeping the first term in the power series to obtain the potential:
Vsd(r) ≃ − 1
M3
∫ ∞
m0
dm
e−mr
r
m
2k
(
1− 2
x−
)
(2.106)
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where m0 = ke
−x. The integral is easily calculated and the potential reads:
Vsd(r) ≃ −GN
2r
1 +m0r
(kr)2
(1− 2
x−
) e−m0r (2.107)
where we identified GN ≡ kM3 for reasons to be seen later. The second part of the above
potential is the first correction coming from the fact that x− is finite. Obviously this
correction vanishes when x− →∞. Note that the above potential gives corrections to the
Newton’s law only at distances comparable to the Planck length scale.
• Multigravity: 4D and 5D gravity
We turn now to the more interesting first summation in eq(2.103) in order to show that
the coupling indeed has the “resonance”-like behaviour for ∆m → 0 responsible for 4D
Newtonian gravity at intermediate distances and the 5D gravitational law for cosmological
distances. This summation includes the KK states from the graviton zero mode up to the
Nx−-th level. The normalization constant in this region is computed by considering the
series expansion of all the Bessel functions involved. It is easily calculated to be:
N2n ≃
π2m4n
4g(z1)4x−
[
1
m2n +
Γ2
4 +
8k2
g(z1)4x−
]
(2.108)
where Γ = 4ke−3x. If we combine the above normalization with the unnormalized wave-
function (2.102), we find that the long distance gravitational potential is:
Vld(r) = − 1
M3
Nx
−∑
n=0
πk
x−ex
4k2
πg(z1)3
e−mnr
r
[
1
m2n +
Γ2
4 +
8k2
g(z1)4x−
]
(2.109)
Again, since we are taking x− ≫ e2x, the above sum will turn to an integral with
∑
∆m→∫
dm. Moreover, we can safely extend the integration to infinity since the integral saturates
very fast for m . Γ/4 ≡ r−1c ≪ kex. If we also expand the fraction in brackets keeping
the first term in the power series, we find the potential:
Vld(r) ≃ − 1
M3
∫ ∞
0
dm
4k2
πg(z1)3
e−mr
r
1
m2 + Γ
2
4
+
1
M3
∫ ∞
0
dm
32k4
x−πg(z1)7
e−mr
r
1
(m2 + Γ
2
4 )
2
(2.110)
The first part is the same as in the GRS model potential, whereas the second one
is the first correction that comes from the fact that x− is still finite though very large.
Note that the width of the “resonance” scales like e−3x, something that is compatible
with the scaling law of the masses (mn = nπk
e−x
x−
), since we are working at the region
where x− ≫ e2x, i.e. mn ≪ nπke−3x. The above integrals can be easily calculated in two
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Figure 2.13: The behaviour of the coupling, a(m), in the limit of x− ≫ e2x. Three regions
of interest are indicated. The region m > m0 gives rise to short distance corrections. The
m1 ≪ m ≪ mc region gives rise to 4D gravity at intermediate distances and 5D gravity
at ultra large distances. For distances r ≫ m−11 , the zero mode gives the dominant
contribution and thus we return to 4D gravity.
interesting limits.
For k−1 ≪ r≪ rc the potential is given approximately by :
Vld(r ≪ rc) ≃ −GN
r
(1− e
2x
x−
) (2.111)
where we have identified GN ≡ kM3 to obtain the normal 4D Newtonian potential. Note
that since x− ≫ e2x, the 1/x− term is indeed a small correction.
In the other limit, r ≫ rc, the integrand is only significant for values of m for which
the m2 term in the denominator of the “Breit-Wigner” can be dropped and the potential
becomes:
Vld(r ≫ rc) ≃ −GNrc
πr2
(1− 2e
2x
x−
) (2.112)
The fact that Newtonian gravity has been tested close to the present horizon size require
that for k ∼MPl we should have x & 45-50.
Finally we note that if we take the x− →∞ we recover the GRS result
lim
x−→∞
V+−−+(r, x−) = VGRS(r) (2.113)
• Back to 4D gravity
As we have just seen, probing larger distances than rc, the 4D gravitational potential
changes to a 5D one. This is the most significant characteristic of the GRS model. In the
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case that x− is large compared to e2x but still finite, there is another distinct region of
interest, namely r ≫ m−11 . This follows from the fact that, in this limit, the spectrum is
still discrete. For distances larger than of the order of the corresponding wavelength of
the first KK mode, the contribution to gravity from the KK tower is suppressed and thus
the zero mode gives the dominant contribution, leading to the 4D Newtonian potential
again. In this case the strength of the gravitational interaction is a small fraction of the
strength of the intermediate 4D gravity. More precisely, the contribution of the massless
graviton is 1x− suppressed and thus vanishes when x− → ∞, something that is expected
since in this limit there is no nomalizable zero mode. The gravitational potential in this
case is:
V4D(r) = − 1
M3
1
r
N20 Ψ˜
2
(0)(0) = −
GN
r
e2x
x−
(2.114)
Obviously this 4D region disappears at the limit x− → ∞ since the spectrum becomes
continuum and thus the 5D gravity “window” extents to infinity. We should note finally
that for the values of x that we consider here this final modification of gravity occurs at
distances well above the present horizon.
7 vDVZ discontinuity, negative tension branes and
ghosts
All the constructions that we have considered up to now have two important defects. The
first one [34] is that the extra polarizations of the massive KK states do not decouple in
the limit of vanishing mass, the famous van Dam - Veltman - Zakharov [35] discontinuity,
which makes the model disagree with the experimental measurements of the bending of
the light by the sun. The second one [37–39] is that the moduli (radions) associated
with the perturbations of the ′′−′′ branes are necessarily physical ghost fields, therefore
unacceptable. The latter problem is connected to the violation of the weaker energy
condition [44, 45] on ′′−′′ branes sandwiched between ′′+′′ branes. In this Section we
discuss these issues.
7.1 Graviton propagator in flat spacetime - The vDVZ disconti-
nuity
The celebrated van Dam - Veltman - Zakharov discontinuity is evident from the different
form of the propagators that correspond to the massive and massless graviton. In more
detail, the form of the massless graviton propagator in flat spacetime (in momentum space)
has the form:
Gµν;αβ =
1
2
(
ηµαηνβ + ηηαηµβ
)− ηµνηαβ
p2
+ · · · (2.115)
where we have omitted terms that do not contribute when contracted with a conserved
Tµν .
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Figure 2.14: One graviton exchange diagram.
On the other hand, the four-dimensional massive graviton propagator (in momentum
space) has the form:
Gµν;αβ =
1
2
(
ηµαηνβ + ηναηµβ
)− 23 ηµνηαβ
p2 −m2 + · · · (2.116)
In order to be able to answer the question if the graviton can be massive we have to
examine if the theory of massive graviton can reproduce, at least, the testable predictions
of General Relativity.
Newton’s Law One of the essential requirements of the theory of massive graviton is
to be able to reproduce the Newton’s Law at least at the intermediate distances (where it
has been tested).
In order to calculate the interaction between two non-relativistic masses, we consider
the non-relativistic limit of one graviton exchange. The energy momentum tensor of the
two masses are:
T (1)µν (x) = m1uµuνδ(~x − ~r1)
T (2)µν (x
′) = m2uµuνδ(~x′ − ~r2)
where uµ is the four momentum of the particles. The one graviton exchange with massless
graviton gives amplitude:
G0N
∫
d4x
∫
d4x′T 1µν(x)G
µν;αβ
0 T
2
αβ(x
′)→ 2
3
G0NT
1
00T
2
00
e−i~p(~x−~x′)
~p2 − iǫ (2.117)
On the other hand the one graviton exchange with massive graviton gives:
GmN
∫
d4x
∫
d4x′T 1µν(x)G
µν;αβ
m T
2
αβ(x
′)→ 1
2
GmNT
1
00T
2
00
e−i~p(~x−~x′)
~p2 −m2 − iǫ (2.118)
The massless graviton gives the usual ∼ 1/r potential while the massive gives e−mr/r
which at the m → 0 limit results to the usual 1/r behaviour. However, in order to have
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Figure 2.15: Deflection of light in the gravitational field of the Sun.
identical limit when m→ 0 the relationship:
GmN =
3
4
G0N (2.119)
must hold.
Bending of Light The theory of massive graviton must reproduce, apart from the non-
relativistic results of General Relativity, also its relativistic results: e.g. the deflection
angle of the light by the Sun.
Let us calculate the deflection angle of the light induced by the gravitational field of a mas-
sive body e.g. the Sun. In order to do this we have to calculate the one graviton exchange
amplitude between the source and the light (photon). The important difference with the
case of non-relativistic sources is that the electromagnetic field’s energy momentum tensor
is traceless i.e.:
TEM
µ
µ = 0 (2.120)
This characteristic of the electromagnetic field will reveal the different tensor structures
of the propagators. In this case the one graviton exchange is:
G0,mN Tµν(k, q, ǫκ, ǫ
′
λ)G
µν;αβ
0,m Tαβ → G0,mN MSUNT00(k, q, ǫκ, ǫ′λ)G00;000,m (2.121)
Given that
θ0,m ∝ G0,mN (2.122)
and since in order to have the usual Newton’s Law we should have
GmN =
3
4
G0N (2.123)
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we get the following relationship between the deflection angles of the massive and massless
graviton:
θ(m 6= 0) ≈ 3
4
θ(m = 0) (2.124)
Thus the discontinuity in the massless limit of the propagator of massive graviton in flat
spacetime has observable phenomenological implications in standard tests of Einsteinian
gravity and particularly in the bending of light by the Sun. The latter expression tells
us that if gravity is due to the exchange of a massive spin 2 particle, then the deflection
angle of light would be 25% smaller than if it corresponds to the exchange of the massless
graviton. The fact that the bending of the light by the sun agrees with the prediction of
Einstein’s theory to 1% accuracy, rules out the possibility that gravity is due to massive
graviton exchange irrespective of how small the mass is4.
However, we will see in Chapter 3 in the presence of curvature the discontinuity dis-
appears allowing for non-zero graviton mass without conflict with the phenomenology.
Moreover even in the case of “flat spacetime” the presence of a source curves the space-
time making the discontinuity to disappear in distances smaller that a characteristic scale
associated with the scale of the mass of the source.
7.2 Negative tension branes
The characteristic of the ′′ + −+′′ model that gives rise to the Bigravity scenario is the
bounce form of the warp factor. In the case of flat branes that we have considered up to
now it is, it is inevitably associated with the presence of moving (not on a fixed point)
negative tension branes. This can be easily understood from the fact that when we try to
match the solution of two positive tension branes, at the point of the matching the jump
of the derivative of the σ(y) function has the opposite sign from the one that correspond
to the jump on positive tension branes, giving rise to a negative tension brane.
Similarly, the Multigravity models nessecarily develop moving negative tension branes
at the points where the five dimensional spacetime becomes flat.
However, the presence of these objects with negative energy density violate the weaker
energy condition. This means that models with this bounce structure cannot be generated
dynamically (e.g. from a scalar field) - let us see why: In five dimensions with the metric:
ds2 = e−A(ρ)ηµνdxµdxν + dρ2 (2.125)
one can readily show that the weaker energy condition requires that:
A′′ ≥ 0 (2.126)
which means that the bounce is linked to moving negative tension branes and at their
4Of course there remains the possibility that a small fraction of the gravitational interactions are
associated with a massive graviton component in the presence of a dominant massless graviton component.
This can be realized by having an ultralight spin-2 particle with a very small coupling compared to
graviton’s one [27].
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position the weaker energy condition is violated. This violation of the weaker energy
condition is associated with the presence of scalar field(s) with negative kinetic term
(ghost fields).
7.3 Moduli fields
In the treatment of gravitational perturbations, in the context of the previous models,
that is presented in this Chapter, we have ignored the presence of the scalar perturbations.
These excitations describe the effect of the fluctuation of the size of the extra dimension
and/or of the relative positions of the branes. We will distinguish these two kinds of modes
by calling the former dilaton [40] and the latter radions [38, 40].
In the models considered up to now, we have imposed an orbifold symmetry Z2 acting
on the extra dimensional coordinate as y → −y. When the topology of the extra dimension
is S1, the compact case, the Z2 action has two fixed points y = 0, L1 and two of the branes
are sitting on fixed points. As a result of the Z2 symmetry the branes in y = 0, L1 are
frozen. Thus in the case of the RS1 model there is onle one scalar pertubation associated
with the size of the orbifold.
However in multi-brane constructions (e.g. ′′ + −+′′ model), there are necessarily
freely moving branes, giving rise to additional scalar perturbations, the radion fields,
corresponding to the fluctuation of the position of these moving branes.
From the detailed calculation that is presented in the Appendix, for the case of a general
three brane configuration, we have that while the kinetic term of the dilaton field is always
positive, the kinetic term of the radion is negative when the moving brane is negative. The
latter means that the presence of negative tension moving branes is associated with the
presence of ghost fields in the theory making it theoretically unacceptable. Note that the
models (with flat 3-branes) that exhibit the bi-gravity or multi-gravity phenomena have
moving negative tension branes.
Radion excitations play an important role in the context of multigravity models. As
we found in the begining of this Section, a generic problematic feature of multigravity
models with flat branes is that massive gravitons have extra polarization states which do
not decouple in the massless limit ( van Dam - Veltman - Zakharov discontinuity [35,36]).
However, according to the previous discussion, an equally generic characteristic of these
models is that they contain moving branes of negative tension. In certain models the
radion can help to recover 4D gravity on the brane at intermediate distances. Indeed,
the role of the radion associated with the negative tension brane is precisely to cancel the
unwanted massive graviton polarizations and recover the correct tensorial structure of the
four dimensional graviton propagator [37, 38], something also seen from the bent brane
calculations of [42, 43]. This happens because the radion in this case is a physical ghost
because it is has a wrong sign kinetic term. This fact of course makes the construction
problematic because the system is probably quantum mechanically unstable.
Resolutions of the problems mentioned above will be given in Chapters 3, 4
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1 Introduction
In Chapter 2 we studied models that suggest that a part or all of gravitational interactions
come from massive gravitons. The massive gravitons in these models occur as the result of
the dimensional reduction of a theory of gravity in more that four dimensions, something
well motivated from String Theory.
In the first kind of models (e.g. ′′ +−+′′ model) apart of the massless graviton, there
exist ultralight Kaluza-Klein (KK) state(s) that lead to a “multigravity” scenario, in the
sense that gravitational interactions are due to the net effect of the massless graviton and
the ultralight state(s). In this case, the Cavendish bounds on gravitational interactions
are satisfied, since it can be arranged that the rest of the KK tower is much heavier
and contributes well below the submillimeter region. In this scenario, modifications to
gravity at large scales will appear as we probe distances of the order of the Compton
wavelength of the ultralight KK state(s). The phenomenological signature of this will be
that gravitational interactions will be reduced or almost switched off (depending on the
choice of parameters of the model) at ultralarge scales.
In the second kind of models (e.g. GRS model), there is no normalizable massless
mode and 4D gravity at intermediate scales is reproduced from a resonance-like behavior
[29, 30] of the wavefunctions of the KK states continuum. In other words 4D gravity
in this case is effectively reproduced from a small band of KK states starting from zero
mass. In this picture modifications of gravity will begin at scales that correspond to the
width of the resonance that appears in the form of the coupling of these states to matter.
The phenomenological signature of these modifications will be that the four dimensional
Newton’s Law (i.e. inverse square) will change to a five dimensional one (i.e. inverse cube)
at ultralarge distances. In both kind of models, these modifications can be confronted with
current observations of the CBM power spectrum or gravitational lensing [25,26] and are
consistent with the data at present.
However, as we mentioned in Chapter 2, these models face phenomenological difficulties
in reproducing certain predictions of General Relativity [30] which are associated to the
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fact that the extra polarizations of the massive KK states that contribute to gravity do not
decouple in the limit of vanishing mass, something that is known as the van Dam - Veltman
- Zakharov [35,36] discontinuity between massless-massive spin 2 propagator. This makes
the models of the above two classes to disagree, for example, with the measurement of the
bending of the light by the sun. The other difficulty of these models is that the moduli
(radions) associated with the perturbations of the ′′−′′ branes are necessarily physical
ghost fields [37–39], therefore unacceptable (for more detailed discussion see Appendix).
The latter problem is connected to the violation of the weaker energy condition [44,45] on
′′−′′ branes sandwiched between ′′+′′ branes.
In the present Chapter we will demonstrate that there is actually a way out of the first
problem. The second problem can be avoided by considering models with only positive
tension branes but this will be addressed in the Chapter 4. Here we demonstrate that
due to an unusual property of the graviton propagators in dS4 or AdS4 spacetime, we are
able to circumvent the van Dam - Veltman - Zakharov no go theorem. In more detail,
it is known that in flat spacetime the m → 0 limit of the massive graviton propagator
does not give the massless one due to the non-decoupling of the additional longitudinal
components. This generates the well known discontinuity between massive and massless
states. Considering the massive graviton propagator in dS4 or AdS4 spacetime we can
show that this result persists if m/H → ∞ where H is the “Hubble” parameter, i.e. the
discontinuity is still present in the m→ 0 limit if it happens that m/H →∞. However, in
the case that m/H → 0, we will explicitly show that the m → 0 limit is smooth. This is
an important result since it gives us the possibility to circumvent the van Dam - Veltman
- Zakharov no go theorem about the non-decoupling of the extra graviton polarizations.
Thus, in the limit that m/H → 0 all the extra polarizations of the graviton decouple,
giving an effective theory with massless graviton with just two polarization states.
Here we have to make an important comment about the relationship of the parameters
m, H . From a four dimensional point of view these parameters are independent. However,
the models that give the additional KK contributions of massive gravitons to gravity are
higher dimensional models. After the dimensional reduction, they give us an effective four
dimensional Lagrangian in which in generalm and H depend on common parameters (e.g.
the effective four dimensional cosmological constant). The behaviour of m/H is model
dependent and explicit models that satisfy the smoothness requirement as m/H → 0 can
be found. An interesting example in the context of the ′′ + +′′ model will be given in
Chapter 4.
Furthermore, in such models if we keep m/H finite but small, the extra graviton
polarization states couple more weakly to matter than the transverse states. This gives
us the possibility that we can have a model with massive gravitons that do not violate
the observational bounds of e.g. the bending of light by the sun. Moreover, such models
predict modifications of gravity at all scales which could be measured by higher precision
observations. However, in such a case even though the above can make “multigravity”
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models viable and interesting, the condition that the mass of the massive graviton must
always scale faster that the “Hubble” parameter implies that the dramatic long distance
effects of modifications of gravity (e.g. reduction of Newton’s constant or transition to 5D
law) will not reveal themselves until super-horizon scales. Thus, in this case the horizon
acts as a curtain that prevents the long distance modifications of gravity due to the massive
KK mode(s) to be observable.
2 Graviton propagator in dS4 and AdS4 space
In this section we will present the forms of the massless and massive graviton propagators
in the case of dS4 and AdS4 spacetime with arbitrary “Hubble” parameter H and graviton
mass m. Our purpose is to examine the behaviour of these propagators in the limit where
H → 0 and the limit where the mass of the graviton tends to zero. For simplicity we will
do our calculations in Euclidean dS4 or AdS4 space. We can use for metric the one of the
stereographic projection of the sphere or the hyperboloid1:
ds2 =
δµν(
1∓ H2x24
)2 dxµdxν ≡ g0µνdxµdxν (3.1)
where x2 = δµνx
µxν and the scalar curvature is R = ∓12 H2. From now on, the upper
sign corresponds to AdS4 space while the lower to dS4 space. The fundamental invariant in
these spaces is the geodesic distance µ(x, y) between two points x and y. For convenience,
we will introduce another invariant u which is related with the geodesic distance by the
relation u = cosh(Hµ) − 1 for AdS4 (u ∈ [0,∞)) and the relation u = cos(Hµ) − 1 for
dS4 (u ∈ [−2, 0]). In the small distance limit u ∼ ±µ
2H2
2 .
This background metric is taken by the the Einstein-Hilbert action:
S =
∫
d4x
√
g
(
2M2R− Λ) (3.2)
where the cosmological constant is Λ = ∓12 H2M2 and M the 4D fundamental scale.
The spin-2 massless graviton field can be obtained by the linear metric fluctuations ds2 =(
g0µν + hµν
)
dxµdxν . This procedure gives us the analog of the Pauli-Fierz graviton action
in curved space:
S0
2M2
=
∫
d4x
√
g0
{
−1
4
h⊔⊓0h+ 1
2
hµν∇0µ∇0νh+
1
4
hµν⊔⊓0hµν − 1
2
hµν∇0ν∇0κhκµ
± 1
2
H2
(
1
2
h2 + hµνh
µν
)}
(3.3)
1Note that [72] and [73] whose results we use in the following have a different metric convention, but
this makes no difference for our calculations.
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The above action is invariant under the gauge transformation δhµν = ∇0µξν +∇0νξµ which
guarantees that the graviton has only two physical degrees of freedom. This is precisely
the definition of masslessness in dS4 or AdS4 space (for example see [74] and references
therein).
The propagator of the above spin-2 massless field can be written in the form:
G0µν;µ′ν′(x, y) = (∂µ∂µ′u∂ν∂ν′u+ ∂µ∂ν′u∂ν∂µ′u)G
0(u) + gµνgµ′ν′E
0(u) +D[· · ·] (3.4)
where ∂µ =
∂
∂xµ , ∂µ′ =
∂
∂yµ′
. The last term, denoted D[· · ·], is a total derivative and drops
out of the calculation when integrated with a conserved energy momentum tensor. Thus,
all physical information is encoded in the first two terms.
The process of finding the functions G0 and E0 is quite complicated and is the result
of solving a system of six coupled differential equations [72]. We will present here only the
differential equation that G0 satisfies to show the difference between AdS4 and dS4 space.
This equation results from various integrations and has the general form:
u(u+ 2)G0(u)′′ + 4(u+ 1)G0(u)′ = C1 + C2u (3.5)
where the constants C1 and C2 are to be fixed by the boundary conditions. For the case
of the AdS4 space [72], these constants were set to zero so that the G
0 function vanishes
at the boundary at infinity (u→∞). Using the same condition also for the E0 function,
the exact form of them was found to be:
G0(u) =
1
8π2H2
[
2(u+ 1)
u(u+ 2)
− log u+ 2
u
]
E0(u) = −H
2
8π2
[
2(u+ 1)
u(u+ 2)
+ 4(u+ 1)− 2(u+ 1)2 log u+ 2
u
]
(3.6)
For the case of the dS4 space we iterated the procedure of Ref. [72] imposing the
condition [75] that the G0 and E0 functions should be non-singular at the antipodal point
(u = −2). The constants C1 and C2 were kept non-zero and played a crucial role in finding
a consistent solution. It is straightforward to find the full expression of these functions,
but we only need to know their short distance behaviour. Then with this accuracy the
answer is:
G0(u) = − 1
8π2H2
[
1
u
+ log(−u)
]
+ · · ·
E0(u) =
H2
8π2
[
1
u
+ 2(u+ 1)2 log(−u)
]
+ · · · (3.7)
If we define Π0(u) = 1H4
E0(u)
G0(u) , then for short distances (H
2x2 ≪ 1) where u → 0 we
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get:
gµνgµ′ν′ → δµνδµ′ν′
∂µ∂νu → ∓H2δµν
G0(u) → 1
4π2H4µ2
Π0(u) → −1 (3.8)
and so we recover the short distance limit of the massless flat Euclidean space propagator:
G0µν;µ′ν′(x, y) =
1
4π2µ2
(δµµ′δνν′ + δµν′δνµ′ − δµνδµν′) + · · · (3.9)
Of course this is just as expected.
In order to describe a spin-2 massive field it is necessary to add to the above action a
Pauli-Fierz mass term:
Sm
2M2
=
S0
2M2
− m
2
4
∫
d4x
√
g0(hµνh
µν − h2) (3.10)
By adding this term we immediately lose the gauge invariance associated with the dS4 or
AdS4 symmetry group and the massive gravitons acquire five degrees of freedom.
The propagator of this massive spin-2 field can again be written in the form:
Gmµν;µ′ν′(x, y) = (∂µ∂µ′u∂ν∂ν′u+ ∂µ∂ν′u∂ν∂µ′u)G
m(u) + gµνgµ′ν′E
m(u) +D[· · ·] (3.11)
The last term of the propagator in eq. (3.11), denoted D[· · ·], is again a total derivative
and thus drops out of the calculation when integrated with a conserved Tµν .
At his point we should emphasize that in case of an arbitrary massive spin-2 field, the
absence of gauge invariance means that there is no guarantee that the field will couple to
a conserved current. However, in the context of a higher dimensional theory whose sym-
metry group is spontaneously broken by some choice of vacuum metric, the massive spin-2
graviton KK states couple to a conserved Tµν . One can understand this by the following
example. Consider the case of the most simple KK theory, the one with one compact
extra dimension. By the time we choose a vacuum metric e.g. g0MN = diag (ηµν , 1), the
higher dimensional symmetry is broken. If we denote the graviton fluctuations around the
background metric by hµν , hµ5 and h55, there is still the gauge freedom:
δhµν = ∂µξν + ∂νξµ
δhµ5 = ∂µξ5 + ∂5ξµ (3.12)
δh55 = 2∂5ξ5
If we Fourier decompose these fields, their n-th Fourier mode acquires a mass mn ∝ n
with n = 0, 1, 2, . . ., but there is mixing between them. This means for example that h
(n)
µν
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is not a massive spin-2 eigenstate etc.. However, we can exploit the gauge transformations
(3.12) to gauge away the massive h
(n)
µ5 and h
(n)
55 and construct a pure spin-2 field (see
for example [76] and references therein). For a comprehensive account of KK theories
see [77]. The new massive spin-2 field ρ
(n)
µν is invariant under (3.12) and so its Lagrangian
does not exhibit a gauge invariance of the form δρµν = ∂µχν + ∂νχµ. However, since is
originates from a Lagrangian that has the gauge invariance (3.12), it is bound to couple to
a conserved Tµν . The argument goes on for more complicated choices of vacuum metric as
for example warped metrics which are recently very popular in brane-world constructions.
Again the functions Gm and Em result from a complicated system of differential equa-
tions [73]. In that case, the differential equation that Gm satisfies is:
u(u+ 2)Gm(u)′′ + 4(u+ 1)Gm(u)′ ∓
(m
H
)2
Gm(u) = C1 + C2u (3.13)
where the constants C1 and C2 are to be fixed by the boundary conditions. For the case of
the AdS4 space [73], these constants were set to zero so that the G
0 function vanishes at
the boundary at infinity. Imposing additionally the condition of fastest falloff at infinity
(u→∞) [75], the exact form of the Gm and E0 function was found to be:
Gm(u) =
Γ(∆)Γ(∆ − 1)
16π2Γ(2∆− 2)H2
(
2
u
)∆
F (∆,∆− 1, 2∆− 2,− 2
u
)
Em(u) = −2
3
Γ(∆− 1)H2
16π2Γ(2∆− 2)[2 + (m/H)2]
(
2
u
)∆
×
×

3[2 + (m/H)2]Γ(∆− 2)u2F (∆− 1,∆− 2, 2∆− 2,− 2u )
−3(u+ 1)uF (∆− 1,∆− 1, 2∆− 2,− 2u )
+[3 + (m/H)2]Γ(∆)F (∆,∆ − 1, 2∆− 2,− 2u )
 (3.14)
where ∆ = 32 +
1
2
√
9 + 4(m/H)2.
For the case of the dS4 space we iterated the procedure of Ref. [73] imposing the
condition [75] that the Gm and Em functions should be non-singular at the antipodal
point (u = −2) and also finite as m → 0. Again we kept the constants C1 and C2 non-
zero to obtain a consistent solution. It is straightforward to find the full expression of
these functions, but we only need to know their short distance behaviour. Then with this
accuracy the answer is:
Gm(u) =
Γ(∆)Γ(3 −∆)
16π2H2
[
F (∆, 3−∆, 2, u+ 2
2
)− 1
]
+ · · ·
Em(u) = −2
3
Γ(∆)Γ(3 −∆)H2
4π2[2− (m/H)2] ×
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×

−3[2− (m/H)2]
[
2(u+2)
(∆−1)(∆−2)F (∆− 1, 2−∆, 2, u+22 ) + u(u+2)2
]
−3(u+ 1)
[
2
(∆−1)(∆−2)F (∆− 1, 2−∆, 1, u+22 ) + (u+ 1)
]
+[3− (m/H)2] [F (∆, 3−∆, 2, u+22 )− 1]
+ · · ·(3.15)
where ∆ = 32 +
1
2
√
9− 4(m/H)2.
If we define Πm(u) = 1H4
Em(u)
Gm(u) , then for short distances (H
2x2 ≪ 1) where u→ 0 we
get:
Gm(u) → 1
4π2H4µ2
Πm(u) → −2
3
3± (mH )2
2± (mH )2 (3.16)
It is interesting to consider two massless flat limits. In the first one m→ 0 and H → 0
while m/H → ∞. In this case, from eq. (3.16) we see that we recover the Euclidean
propagator for a massive graviton in flat space:
Gmµν;µ′ν′(x, y) =
1
4π2µ2
(δµµ′δνν′ + δµν′δνµ′ − 2
3
δµνδµ′ν′) + · · · (3.17)
This is in agreement with the van Dam - Veltman - Zakharov theorem. The second limit
has m→ 0 and H → 0 but m/H → 0. In this case the propagator passes smoothly to the
one of the flat massless case (3.9):
G0µν;µ′ν′(x, y) =
1
4π2µ2
(δµµ′δνν′ + δµν′δνµ′ − δµνδµν′) + · · · (3.18)
This is in contrary to the van Dam - Veltman - Zakharov discontinuity in flat space.
In general, we may consider the limit with m/H finite. Then for small m/H the
contribution to the δµνδµ′ν′ structure is −1 ±m2/6H2. Since observations agree to 1%
accuracy with the prediction of Einstein gravitational theory for the bending of light by
the sun, we obtain the limit mH <∼ 0.1.
3 Discussions and conclusions
In summary, in this Chapter we showed that, by considering physics in dS4 orAdS4
spacetime, one can circumvent the van Dam - Veltman - Zakharov theorem about non-
decoupling of the extra polarization states of a massive graviton. It was shown that the
smoothness of the m→ 0 limit is ensured if the H (“Hubble”) parameter, associated with
the horizon of dS4 or AdS4 space, tends to zero slower thanm. The above requirement can
be realized in various models and an interesting example will be given in the next Chap-
ter. Furthermore, if we keep m/H finite, we can obtain models where massive gravitons
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contribute to gravity and still have acceptable and interesting phenomenology. Gravity
will then be modified at all scales with testable differences from the Einstein theory in
future higher precision observations. However, the dramatic modifications of gravity at
large distances that “multigravity” models suggest, will be hidden by the existence of
the horizon which will always be well before the scales that modifications would become
relevant.
One loop effects in the massive graviton propagator in AdS4 were discussed in [78,79].
Of course, purely four-dimensional theory with massive graviton is not well-defined and it
is certainly true that if the mass term is added by hand in purely four-dimensional theory
a lot of problems will emerge as it was shown in the classical paper of [80]. If however
the underlying theory is a higher dimensional one, the graviton(s) mass terms appear
dynamically and this is a different story. All quantum corrections must be calculated in a
higher-dimensional theory, where a larger number of graviton degrees of freedom is present
naturally (a massless five-dimensional graviton has the same number of degrees of freedom
as a massive four-dimensional one).
Moreover, the smoothness of the limit m→ 0 is not only a property of the AdS4 space
but holds for any background where the characteristic curvature invariants are non-zero
[39]. For physical processes taking place in some region a curved space with a characteristic
average curvature, the effect of graviton mass is controlled by positive powers of the ratios
m2/R2 where R2 is a characteristic curvature invariant (made from Riemann and Ricci
tensors or scalar curvature). A very interesting argument supporting the conjecture that
there is a smooth limit for phenomenologically observable amplitudes in brane gravity
with ultra-light gravitons is based on a very interesting paper [54]
In that paper it was shown that there is a smooth limit for a metric around a spherically
symmetric source with a massM in a theory with massive graviton with mass m for small
(i.e. smaller than m−1(mM/M2P )
1/5) distances. The discontinuity reveals itself at large
distances. The non-perturbative solution discussed in [54] was found in a limited range of
distance from the center and it is still unclear if it can be smoothly continued to spatial
infinity (this problem was stressed in [80]). Existence of this smooth continuation depends
on the full nonlinear structure of the theory. If one adds a mass term by hand the smooth
asymptotic at infinity may not exit. However, it seems plausible that in all cases when
modification of gravity at large distances comes from consistent higher-dimensional models,
the global smooth solution can exist because in this case there is a unique non-linear
structure related to the mass term which is dictated by the underlying higher-dimensional
theory. In a paper [82] an example of a 5D cosmological solution was discussed which
contains an explicit interpolation between perturbative and non-perturbative regimes: a
direct analog of large and small distances in the Schwarschild case.
Chapter 4
5D Bigravity from AdS4 branes
1 Introduction
The ′′ + −+′′ model was the prototype model of the class of brane universe models that
suggest that a part or all of gravitational interactions come from massive gravitons. In the
first case (“bigravity”), gravitational interactions are the net effect of a massless graviton
and a finite number of KK states that have sufficiently small mass (or/and coupling) so
that there is no conflict with phenomenology. In the second case (“multigravity”), in
the absence of a massive graviton, the normal Newtonian gravity at intermediate scales
is reproduced by special properties of the lowest part of the KK tower (with mass close
to zero). These models predict that at sufficiently large scales, which correspond to the
Compton wavelength of the KK states involved, modifications to either the Newtonian
coupling constant or the inverse square law will appear due to the Yukawa suppression of
the KK states contribution.
However, the above construction and its variations, have two important defects. The
first one [30] is that the extra polarizations of the massive KK states do not decouple in
the limit of vanishing mass, the famous van Dam - Veltman - Zakharov [35,36] discontinu-
ity, which makes the model disagree with the experimental measurements of the bending
of the light by the sun. The second one [37–39] is that the moduli (radions) associated
with the perturbations of the ′′−′′ branes are necessarily physical ghost fields, therefore
unacceptable. The latter problem is connected to the violation of the weaker energy condi-
tion [44,45] on ′′−′′ branes sandwiched between ′′+′′ branes. Two mechanisms for solving
these problems have been suggested. The first mechanism [42, 43] involves a cancellation
of the additional polarizations by the radion fields, but has necessarily the ghost field
problem. The second mechanism [31,32] involves a cancellation of both the extra massive
graviton polarizations and the radion field by some bulk dynamics which are necessary
to stabilize the system, based on a scenario described in [62]. The latter mechanism is
however non-local in the extra dimension and because of this may not be very attractive.
In the present Chapter, with the help of results of Chapter 3, we will demonstrate that
there is actually a way out of both these problems. We will use a two brane model with
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′′+′′ ′′+′′′′−′′
Figure 4.1: The graviton (solid line), first (dashed line) and second (dotted line) KK states
wavefunctions in the symmetric ′′+−+′′ model. The wavefunctions are not smooth on the
′′−′′ branes. The same pattern have also the ′′++′′ model wavefunctions with the position
of the ′′−′′ brane corresponding to the minimum of the warp factor. The wavefunctions
are then smooth.
only ′′+′′ branes which was known in [62,66,67,70] to exhibit a bounce of the “warp” factor,
and therefore is bound to have “bigravity” by general arguments presented in Chapter 1.
This can be achieved if we consider two AdS4 branes in AdS5 bulk. The weaker energy
condition is satisfied so there is no ghost modulus in this setup. Furthermore, as was shown
in Chapter 3, in AdS space it is possible to circumvent the van Dam - Veltman - Zakharov
no go theorem about the non-decoupling of the massive graviton extra polarization states.
The price we pay is that there is a remnant negative cosmological constant on the brane.
This sets an horizon scale and unfortunately the Compton wavelength of the light state
of the system lies exponentially far from this horizon. This does not change even if
we consider a highly asymmetric version of this model. As a result, this “bigravity”
model makes no predictions for observable deviations from Newtonian gravity at ultra-
large distances. In addition, although theoretically there exist modifications of General
Relativity at all scales due to the additional polarization states of the massive graviton,
they are so highly suppressed that they are not observable.
2 The two positive brane model
The model consists of two 3-branes with tensions V1 and V2 respectively, in an AdS5 space
with five dimensional cosmological constant Λ < 0. The 5-th dimension has the geometry
of an orbifold and the branes are located at its fixed points, i.e. L0 = 0 and L1 = L. Due
to orbifolding, we can restrict ourselves to the region 0 ≤ z ≤ L, imposing the suitable
boundary conditions to our solutions. Firstly, we find a suitable vacuum solution. The
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action of this setup is:
S =
∫
d4x
∫ L
−L
dz
√
−G{−Λ+ 2M3R}+
∑
i
∫
z=Li
d4xVi
√
−Gˆ(i) (4.1)
where Gˆ
(i)
µν is the induced metric on the branes. The Einstein equations that arise from
this action are:
RMN − 1
2
GMNR = − 1
4M3
(
ΛGMN −
∑
i
Vi
√
−Gˆ(i)√−G Gˆ
(i)
µνδ
µ
Mδ
ν
Nδ(z − Li)
)
(4.2)
In order to find a specific form of the equations of motion we need to write a metric ansatz
which will take in account the spacetime symmetries of the 3-brane. Since we would like
not to restrict our model to flat solutions on the branes, we should make a choice which
will let us interpolate between the maximally symmetric space-times in four dimensions,
i.e. de-Sitter, Minkowski and Anti-de-Sitter. The metric ansatz [67] that accomplishes
this is the following:
ds2 = a2(z)(−dt2 + e2Htd~x2) + b2(z)dz2 (4.3)
where H is the “Hubble” parameter and is determined in terms of the brane tension
V1 and the bulk cosmological constant Λ from Einstein’s equations. The z-dependent
function a(z) is the “warp” factor that is essential for the localization of gravity and also
for producing the hierarchy between the two branes. In the case of flat brane solution,
i.e. the effective cosmological constant on the brane is zero, we have H = 0. On the
other hand if we demand a de-Sitter solution on the brane, i.e. the effective cosmological
constant on the branes is positive, we have H2 > 0. In the case of Anti-de-Sitter solution,
i.e. the effective cosmological constant on the branes is negative, we have H2 < 0 and thus
H is imaginary. In order to get a physical interpretation of the latter case it is necessary
to analytically continue the solution by a coordinate transformation of the form t = −ix′1,
x1 = it
′, x2 = x′2 and x3 = x
′
3. After this transformation the metric ansatz can be written
in the following form:
ds2 = a2(z)(dx′21 + e
2Hx′1(−dt′2 + dx′22 + dx′23 )) + b2(z)dz2 (4.4)
Furthermore, in order to have a more compact notation for all cases of maximally sym-
metric spaces and simplify our calculations, it is useful to bring the metric ansatz in the
form:
ds2 =
a2(z)
(1− H2x24 )2
ηµνdx
µdxν + b2(z)dz2 (4.5)
where x2 = ηµνx
µxν . It can be shown that the Ricci scalar for this metric is R = −12H2.
Thus this metric represents all maximally symmetric spaces: Minkowski for H2 = 0, Anti-
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de-Sitter for H2 > 0 and de-Sitter for H2 < 0. From now on we shall choose the gauge
b(z) = 1 where our coordinate system is Gaussian Normal. A straightforward calculation
of the Einstein’s equations gives us the following differential equations for a(z):
a′2(z) = H2 − Λ
24M3
a2(z) (4.6)
a′′(z) = −
∑
i
Vi
12M3
a(z)δ(z − Li)− Λ
24M3
a(z) (4.7)
By solving the above equations we find that the solution can be written in the form :
a(z) = cosh(k|z|) + V1k
Λ
sinh(k|z|) (4.8)
with
|H2| =

k2
Λ2 (V
2
1 k
2 − Λ2) , |Λ|k < V1 for dS4 branes
0 , |Λ|k = V1 for flat branes
k2
Λ2 (Λ
2 − V 21 k2) , |Λ|k > V1 for AdS4 branes
(4.9)
where we have normalized a(0) = 1 and assumed V1 > 0. Also we have defined k ≡
√
−Λ
24M3 .
Additionally, in order to have this solution, the brane tensions V1, V2, the bulk cosmo-
logical constant |Λ| and the position of the second brane L must be related through the
equation:
tanh(kL) = k|Λ| V1 + V2|Λ|2 + k2V1V2 (4.10)
Let us now restrict ourselves to the case of AdS4 spacetime on the two branes which will
turn out to be the most interesting. In this case the condition |Λ|k > V1 must hold. Hence,
we can define tanh(kz0) ≡ kV1|Λ| and write the solution in the form:
a(z) =
cosh(k(z0 − |z|))
cosh(kz0)
(4.11)
from which it is clear that the “warp” factor has a minimum at z = z0. From this point
we can see the role of the AdS4 on the branes, i.e. the role of the condition
|Λ|
k > V1.
This condition allows us to have the bounce form of the “warp” factor (i.e. a minimum
in the “warp” factor) allowing the second brane to have positive tension and give us, as
we will see shortly, a phenomenology quite similar to the ′′ + −+′′ model. This can be
easily seen from the eq.(4.10) which relates the brane tensions and the distance between
the branes. From this equation we indeed see that by placing the second brane after the
minimum of the “warp” factor we can make the tension of the second brane positive and
thus both branes that appear in the model have positive tension avoiding the problems
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associated with negative tension branes. In fact it is clear that the present model mimics
the characteristics of the ′′ +−+′′ model since what we effectively do is to reproduce the
effect of the presence of a negative tension brane, i.e. the bounce form of the “warp” factor,
with another mechanism allowing a negative four dimensional cosmological constant on
the brane. Note that in the limit that V1 → |Λ|k (flat limit) the minimum of the “warp”
factor tends to infinity and if we wish to have a brane at a finite point, it will necessarily
have negative tension.
The relationship between the 4D effective fundamental scale M∗1 and the five dimen-
sional fundamental scale M can be easily found by dimensional reduction to be:
M2∗ =
M3
k cosh2(kz0)
[kL+ sinh(kL) cosh(k(L− 2z0))] (4.12)
The above formula tells us that for finite L the compactification volume is finite and thus
the zero mode is normalizable. In the case where we send the second brane to infinity,
the compactification volume becomes infinite which indicates that the zero mode becomes
non-normalizable. Note that M∗ is not necessarily equal to MPl since as will see shortly,
at least for a sector of the parameter space of our model, gravity is the result not only of
the massless graviton but also of an ultralight KK state.
The “warp” factor renormalizes the physical scales of the theory as in the RS1 model.
Thus, all mass parameters m0 on a brane placed at the point z are rescaled as
m = a(z)m0 (4.13)
Hence, assuming some kind of stabilization mechanism which fixes the positions of the
branes, one can choose a distance between the two branes such that this rescaling leads
to the creation of a desired mass hierarchy.
However, since we consider non-flat solutions on the branes, we have to make sure that
the four dimensional effective cosmological constant does not contradict present experi-
mental and observational bounds. Recent experimental data favour a positive cosmological
constant, nevertheless since zero cosmological constant is not completely ruled out it can
be argued that also a tiny negative cosmological constant can be acceptable within the
experimental uncertainties. The effective cosmological constant on the two branes is:
Λ4d = −12H2M2∗ = −
12
cosh2(kz0)
k2M2∗ (4.14)
From the above formula we can see that we can make the cosmological constant small
enough |Λ4d| <∼ 10−120M4Pl if we choose large enough kz0, i.e. kz0 >∼ 135. This however
will make observable deviations from Newtonian gravity at ultra-large scales impossible
as we will see in the next section.
1the factor 2M2
∗
multiplies the four dimensional Ricci scalar in the Lagrangian after dimensionally
reducing
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To determine the phenomenology of the model we need to know the KK spectrum that
follows from the dimensional reduction. This is determined by considering the (linear)
fluctuations of the metric around the vacuum solution that we found above. We can write
the metric perturbation in the form:
ds2 =
[
a(z)2gAdSµν +
2
M3/2
hµν(x, z)
]
dxµdxν + dz2 (4.15)
where gAdSµν is the vacuum solution. Here we have ignored the radion mode that could
be used to stabilize the brane positions z = L0 and z = L1, assuming some stabilization
mechanism. We expand the field hµν(x, z) into graviton and KK plane waves:
hµν(x, z) =
∞∑
n=0
h(n)µν (x)Ψ
(n)(z) (4.16)
where we demand
(∇κ∇κ + 2H2 −m2n)h(n)µν = 0 and additionally ∇αh(n)αβ = h(n)αα = 0.
The function Ψ(n)(z) will obey a second order differential equation which after a change of
variables and a redefinition of the wavefunction reduces to an ordinary Schro¨dinger-type
equation: {
−1
2
∂2w + V (w)
}
Ψˆ(n)(w) =
m2n
2
Ψˆ(n)(w) (4.17)
where the potential is given by:
V (w) = − 9k˜
2
8
+
15k˜2
8
1
cos2
(
k˜(|w| − w0)
)
− 3k
2
[
tanh(kz0)δ(w) +
sinh(k(L− z0)) cosh(k(L− z0))
cosh2(kz0)
δ(w − w1)
]
(4.18)
with k˜ defined as k˜ ≡ kcosh(kz0) . The new variables and the redefinition of the wavefunction
are related with the old ones by:
w ≡ sgn(z) 2
k˜
[
arctan
(
tanh(
k(|z| − z0)
2
)
)
+ arctan
(
tanh(
kz0
2
)
)]
(4.19)
Ψˆ(n)(w) ≡ 1√
a(z)
Ψ(n)(z) (4.20)
Thus in terms of the new coordinates, the branes are at wL0 = 0 and wL, with the minimum
of the potential at w0 =
2
k˜
arctan
(
tanh(kz02 )
)
. Also note that with this transformation
the point z =∞ is mapped to the finite point w∞ = 2k˜
[
π
4 + arctan
(
tanh(kz02 )
)]
.
From now on we restrict ourselves to the symmetric configuration of the two branes
with respect to the minimum w0 (i.e. the first brane at 0 and the second at 2w0 ),
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since the important characteristics of the model appear independently of the details of the
configuration. Thus, the model has been reduced to a “quantum mechanical problem” with
δ-function potentials wells of the same weight and an extra smoothing term in-between
(due to the AdS geometry). This gives the potential a double “volcano” form.
An interesting characteristic of this potential is that it always (for the compact cases
i.e. wL < w∞) gives rise to a normalizable massless zero mode, something that is expected
since the volume of the extra dimension is finite. The zero mode wavefunction is given by:
Ψˆ(0)(w) =
A
[cos(k˜(w0 − |w|))]3/2
(4.21)
where the normalization factorA is determined by the requirement
∫ wL
−wL
dw
[
Ψˆ(0)(w)
]2
= 1,
chosen so that we get the standard form of the Fierz-Pauli Lagrangian.
The form of the zero mode resembles the one of the zero mode of the ′′ +−+′′ model,
i.e. it has a bounce form with the turning at w0 (see figure 1). In the case of the
′′+−+′′
the cause for this was the presence of the ′′−′′ brane. In the present model it turns out
that by considering AdS spacetime on the branes we get the same effect.
In the case that we send the second brane to infinity (i.e. w→ w∞) the zero mode fails
to be normalizable due to singularity of the wavefunction exactly at that point. This can
be also seen from eq.(4.12) which implies that at this limit M∗ becomes infinite (i.e. the
coupling of the zero mode becomes zero). Thus in this limit the model has no zero mode
and all gravitational interactions must be produced by the ultralight first KK mode2.
Considering the Schro¨dinger equation for m 6= 0 we can determine the wavefunctions
of the KK tower. It turns out that the differential equation can be brought to a hy-
pergeometric form, and hence the general solution is given in terms two hypergeometric
functions:
Ψˆ(n) = cos5/2(k˜(|w| − w0))
[
C1 F (a˜n, b˜n,
1
2 ; sin
2(k˜(|w| − w0)))
+ C2 | sin(k˜(|w| − w0))| F (a˜n + 12 , b˜n + 12 , 32 ; sin2(k˜(|w| − w0)))
]
(4.22)
where
a˜n =
5
4
+
1
2
√(
mn
k˜
)2
+
9
4
b˜n =
5
4
− 1
2
√(
mn
k˜
)2
+
9
4
(4.23)
The boundary conditions (i.e. the jump of the wave function at the points w = 0, wL)
result in a 2× 2 homogeneous linear system which, in order to have a non-trivial solution,
2The spectrum in this case was discussed by L. Randall and A. Karch at [47].
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leads to the vanishing determinant. In the symmetric configuration which we consider,
this procedure can be simplified by considering even and odd functions with respect to
the minimum of the potential w0.
In more detail, the odd eigenfunctions obeying the b.c. Ψˆ(n)(w0) = 0 will have C1 = 0
and thus the form:
Ψˆ(n) = C2 cos
5/2(k˜(|w| − w0))| sin(k˜(|w| − w0))| F (a˜n + 1
2
, b˜n +
1
2
,
3
2
; sin2(k˜(|w| − w0)))
(4.24)
On the other hand, the even eigenfunctions obeying the b.c. Ψˆ(n) ′(w0) = 0 will have
C2 = 0 and thus the form:
Ψˆ(n) = C1 cos
5/2(k˜(|w| − w0))F (a˜n, b˜n, 1
2
; sin2(k˜(|w| − w0))) (4.25)
The remaining boundary condition is given by:
Ψˆ(n) ′(0) +
3k
2
tanh(kz0)Ψˆ
(n)(0) = 0 (4.26)
and determines the mass spectrum of the KK states. From this quantization condition
we get that the KK spectrum has a special first mode similar to the one of the ” +−+ ”
model. For kz0 >∼ 5 the mass of the first mode is given by the approximate relation:
m1 = 4
√
3 k e−2kz0 (4.27)
In contrast, the masses of the next levels, if we put together the results for even and odd
wavefunctions, are given by the formula:
mn+1 = 2
√
n(n+ 3) k e−kz0 (4.28)
with n = 1, 2, ....
We note that the first KK state has a different scaling law with respect to the position
of the minimum of the “warp” factor compared to the rest of the KK tower, since it scales
as e−2kz0 while the rest of the tower scales as e−kz0 . Thus the first KK state is generally
much lighter than the rest of the tower. It is clear that this mass spectrum resembles the
one of the ′′ + −+′′ model. The deeper reason for this is again the common form of the
“warp” factor. In both cases the “warp” factor has a minimum due to its “bounce” form.
The graviton wave function follows the form of the “warp” factor, i.e. it is symmetric with
respect to w0, while the wavefunction of the first KK state is antisymmetric in respect to
w0 (see figure 1). The absolute values of the two wavefunctions are almost identical in
all regions except near w0 (the symmetric is nonzero while the antisymmetric is zero at
w0). The graviton wavefunction is suppressed by the factor
1
cosh2(kz0)
at w0 which brings
it’s value close to zero for reasonable values of kz0. Thus, the mass difference which is
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determined by the wavefunction near w0 is expected to be generally very small, a fact
which formally appears as the extra suppression factor e−kz0 in the formula of m1 in
comparison with the rest of the KK tower.
In the case that we consider an asymmetric brane configuration, for example wL > 2w0
the spectrum is effectively independent of the position of the second brane wL (considering
kz0 >∼ 5). Thus, even in the case that we place the second brane at w∞, i.e. the point
which corresponds to infinity in the z-coordinates, the spectrum is given essentially by
the same formulas. In the case that the second brane is placed at w0 < wL < 2w0, some
dependence on the position of the second brane (i.e. dependence on the scale hierarchy
between the branes) is present. Nevertheless, the main characteristics of the spectrum
remain the same, i.e. the first KK state is special and always much lighter than the
others. In conclusion, the key parameter which determines the spectrum is the position
of the minimum of the “warp” factor.
Returning to our wavefunction solutions, we should note that for each eigenfunction
the normalization constants C1 and C2 can be determined by the normalization condition∫ wL
−wL
dw
[
Ψˆ(n)(w)
]2
= 1 which is such that we get the standard form of the Fierz-Pauli
Lagrangian for the KK states. Knowing the normalization of the wavefunctions, it is
straightforward to calculate the strength of the interaction of the KK states with the
SM fields confined on the brane3. This can be calculated by expanding the minimal
gravitational coupling of the SM Lagrangian
∫
d4x
√
−GˆL
(
Gˆ, SMfields
)
with respect
to the metric. In this way we get:
Lint = − 1
M3/2
∑
n≥0
Ψˆ(n) (wbrane)h
(n)
µν (x)Tµν (x) =
= − A
M3/2
h(0)µν (x)Tµν (x)−
∑
n>0
Ψˆ(n) (wbrane)
M3/2
h(n)µν (x)Tµν (x) (4.29)
with Tµν the energy momentum tensor of the SM Lagrangian. Thus, the coupling of the
zero and the first KK mode to matter are respectively:
1
c0
=
A
M3/2
=
1
M∗
(4.30)
1
c1
=
Ψˆ(n) (wbrane)
M3/2
≃ 1
M∗
(4.31)
where A is the zero mode normalization constant which turns out to be M
3/2
M∗
. We should
also note that the couplings of the rest of the KK states are much smaller and scale as
e−kz0 .
3In the symmetric configuration it does not make any difference which brane is our universe.
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Exploiting the different mass scaling of the first KK relative to the rest we can ask
whether it is possible to realize a “bigravity” scenario similar to that in ”+−+” model. In
that model by appropriately choosing the position of the minimum of the “warp” factor, it
was possible to make the first KK state have mass such that the corresponding wavelength
is of the order of the cosmological scale that gravity has been tested and at the same time
have the rest of the KK tower wavelengths below 1mm (so that there is no conflict with
Cavendish bounds). In this scenario the gravitational interactions are due to the net effect
of the massless graviton and the first ultralight KK state. From eq.(4.30), (4.31) it can be
understood that in the symmetric configuration the massless graviton and the special KK
state contribute by the same amount to the gravitational interactions. In other words:
1
M2Pl
=
1
M2∗
+
1
M2∗
⇒ MPl = M∗√
2
(4.32)
In the present model, the fact that the effective four dimensional cosmological constant
should be set very close to zero, requires that the “warp” factor is constrained by kz0 ≥ 135
and thus, in this case, the spectrum of the KK states will be very dense (tending to
continuum) bringing more states close to zero mass. The KK states that have masses
which correspond to wavelengths larger than 1mm have sufficiently small coupling so that
there is no conflict with phenomenology (the situation is exactly similar to the RS2 case
where the coupling of the KK states is proportional to their mass and thus it is decreasing
for lighter KK states). The fact that the spectrum tends to a continuum shadows the
special role of the first KK state. Moreover, it is interesting to note that at the limit
where the minimum of the “warp” factor is sent to infinity (w∞) the special behaviour of
the first KK persists and does not catch the other levels (by changing its scaling law) as
was the case in [32]. This means that the limit w → w∞ will indeed be identical to two
RS2, but on the other hand it is interesting to note that what we call graviton in the RS2
limit is actually the combination of a massless graviton and the “massless” limit of the
special first KK state. This “massless” limit exists as we will see in the next section and
ensures that locality is respected by the model, since physics on the brane does not get
affected from the boundary condition at infinity.
3 Discussion and conclusions
The fact that we have a ultralight graviton in our spectrum is at first sight worrying
because it is well known that in the flat space the tensor structure of the propagators of
the massless and of the massive graviton are different [35,36] and that there is no smooth
limit between them when m → 0. The bending of the light by the sun agrees with the
prediction of the Einstein theory to 1% accuracy. This is sufficient to rule out any scenario
which a significant component of gravity is due to a massive graviton, however light its
mass could be. However, as was shown in Chapter 3, the situation in AdS space is quite
different. There it was shown that if we could arrange m1H <∼ 0.1 there is no discrepancy
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with standard tests of Einsteinian gravity as for example the bending of the light by the
sun.
In the particular model we have at hand, it is m1H ∼ e−kz0 so we can easily accommodate
the above bound. Then, the Euclidean propagator (in configuration space) of the massive
KK states for relatively large z0 will be given by:
Gmµν;µ′ν′(x, y) =
1
4π2µ2
(δµµ′δνν′ + δµν′δνµ′ −
(
1− 1
6
e−2kz0
)
δµνδµ′ν′) (4.33)
where µ is the geodesic distance between two points. In the above, we have omitted terms
that do not contribute when integrated with a conserved Tµν . For kz0 >∼ 2.3 there in no
problem with the bending of light. However, if our aim is to see modifications of gravity at
ultra-large distances, this is impossible because the Compton wavelength of our ultralight
graviton will be ekz0 times bigger than the horizon H−1 of the AdS4 space on our brane
due to equations (4.27), (4.28). The “Hubble” parameter follows m2 rather than m1.
What happens if one takes an asymmetric version of this model where L > 2z0 is that
the spectrum does not get significantly modified so we are effectively in the same situation.
In the case where z0 < L < 2z0 the spectrum will behave like the one of the
′′ + −+′′
model. Then for ω ≪ 1 we will have m1 ∼ ωe−2kxM ∼ e−2kxMPl, H ∼ e−kz0M ∼
e−kxMPl where M ≈MPl/ω is the fundamental scale, ω ≈ e−(2z0−L) is the “warp” factor
and x = L − z0. Again, the ultralight graviton is hiding well beyond the AdS horizon.
However, the coupling of the remaining of the KK tower to matter will be different than
the symmetric case and one may have different corrections to Newton’s law on the left
and right branes.
In summary, in this paper we presented a “bigravity” model with two AdS4 branes
in AdS5 bulk which has a lot of similarities with the
′′ + −+′′ model. The fact that
we have no ′′−′′ branes removes the ghost state problem and furthermore, due to some
amazing property of the AdS space we are able to circumvent the van Dam - Veltman
- Zakharov discontinuity of the graviton propagator. This makes the model compatible
with the predictions of General Relativity in the small graviton mass limit since the extra
degrees of freedom of the massive graviton practically decouple. However, the presence
of the AdS horizon prevents the modifications of gravity at large distances to become
observable.
Chapter 5
Bigravity in six dimensions
1 Introduction
In the previous Chapters we have presented models that give the interesting possibility
of modifications of gravity at large (cosmological) distances in the context of bigravity
(or multigravity) scenario. However, none of the presented models can be considered
phenomenologically viable: In the case of the ′′ +−+′′ model, the presence of the moving
brane that violates the weaker energy condition and its assocciation to the appearence of
a ghost scalar field (radion), makes this model unacceptable. In the case of the ′′ + +′′
model, the presence of AdS4 spacetime on the branes allows us to avoid the negative
tension brane without losing the main characteristics of the ′′ +−+′′ model that give rise
to an ultra-light KK state. However, the presence of a remnant negative cosmological
constant on the brane, contrary to experimental indications for the presence of a positive
one, make the model phenomenologically disfavoured. Furhtermore, the modifications of
gravity at large distances predicted by this model are hidden behind the AdS horizon.
In the light of the results of [54,82], for having a phenomenologically viable model, it is
sufficient to look for bounce type solution without negative tension branes, even when the
branes are flat. The previous, although is impossible in five dimensions, can be achieved in
the case that we consider brane configurations in six dimensions. This is basically due to
the fact that in this case the internal space is non-trivial giving us the freedom to achieve
the desired configurations.
2 One brane models in six dimensions
At first we will discuss the one brane solutions in six dimensions to get an insight of the
more complicated multigravity configurations. In the following section we will review the
Gherghetta-Shaposhnikov single brane model and then we will generalize it for the case
of two branes.
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2.1 The minimal one brane model
The simplest one brane model consists of a four brane embedded in six dimensional AdS
space. One of the lognitudinal dimensions of the four brane is compactified to a Planck
lenght radius R while the transverse to the four brane extra dimension is infinite. Let us
see how this model can be constructed.
The most general spherically symmetric ansatz that one can write down in six dimen-
sions and which preserves four dimensional Poincare´ invariance is:
ds2 = σ(ρ)ηµνdx
µdxν + dρ2 + γ(ρ)dθ2 (5.1)
where θ is the compactified dimension with range [0, 2π] and ρ is the infinite radial dimen-
sion. Note the difference with the five dimensional case: Even in the spherically symmetric
case the metric ansatz in general is described by two functions: apart from the familiar
warp factor σ(ρ), there is the function γ(ρ) which is assocciated with the geometry of
the internal space (in the five dimensional case this function was removed by a simple
coordinate transformation).
The Einstein equations for the above metric ansatz is 1:
RMN − 1
2
GMNR =
1
4M4
(T
(B)
MN + T
(br)
MN ) (5.2)
where T
(B)
MN is the bulk energy momentum tensor, T
(br)
MN the one of the various four branes.
In the absence of four dimensional cosmological constant we have that the (θ, θ) com-
ponent of the above equation is:
2
σ′′
σ
+
1
2
(
σ′
σ
)2
= − Λθ
4M4
− V
i
θ
4M4
δ(ρ− ρi) (5.3)
1Ignoring the three-branes located on the conical singularities
σ, γ
ρ
R
Figure 5.1: The minimal one four-brane model warp functions σ(ρ), γ(ρ).
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The (ρ, ρ) component is:
3
2
(
σ′
σ
)2
+
σ′γ′
σγ
= − Λρ
4M4
(5.4)
Finally the (µ, ν) component is:
3
2
σ′′
σ
+
3
4
σ′γ′
σγ
− 1
4
(
γ′
γ
)2
+
1
2
γ′′
γ
= − Λ0
4M4
− V
i
0
4M4
δ(ρ− ρi) (5.5)
Note that we have allowed for inhomogeneous cosmological constant and brane tensions.
It is straightforward to solve the Einstein equations for bulk energy momentum tensor
T
(B) N
M = −ΛδNM (here we have chosen homogeneous bulk cosmological constant: Λθ =
Λρ = Λ0 ) with the four brane contribution:
T
(br) N
M = −δ(ρ)
 V δνµ 0
V
 (5.6)
From the above equations we find that the solution for the two warp factors is:
σ(ρ) = e−kρ , γ(ρ) = R2e−kρ (5.7)
with k2 = − Λ10M4 , where the arbitrary integrations constant R is just the radius of the four
brane. The Einstein equations impose the usual fine tuning between the bulk cosmological
constant and the tension of the four brane:
V = −8Λ
5k
(5.8)
Let us note at this point that in Ref. [130] this fine tuning was absent because a smooth
local defect was considered instead of a four brane. However, the fine tuning emerges
between the different components of the defect energy momentum tensor. The physics of
the four brane idealization and the one of the defect model is the same.
The four dimensional Kaluza-Klein decomposition can be carried out as usual by con-
sidering the following graviton perturbations (we ignore the scalar and vector modes):
ds2 = σ(ρ) [ηµν + hµν(ρ, θ)] dx
µdxν + dρ2 + γ(ρ)dθ2 (5.9)
We expand the graviton perturbations in a complete set of radial eigenfunctions and
Fourier angular modes:
hµν(ρ, θ) =
∑
n,l
φn(ρ)e
ilθh(n,l)µν (x) (5.10)
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ρ
Veff
l = 0
l = 1
l = 2
Figure 5.2: The form of the effective potential for different angular quantum numbers l.
The differential equation for the radial wavefunctions φ is:
φ′′ − 5
2
kφ′ +
(
m2 − l
2
R2
)
ekρφ = 0 (5.11)
with normalization
∫∞
0
dρσ
√
γφmφn = δmn. We can convert this equation to a two di-
mensional Schro¨dinger-like equation by the following redefitions:
z =
2
k
(
e
k
2 ρ − 1
)
, Ψˆ = σ3/4φ (5.12)
so that
− 1
2
√
γ
∂z
(√
γ∂zΨˆ
)
+Veff Ψˆ =
m2
2
Ψˆ , Veff (z) =
21k2
32
(
kz
2 + 1
)2 + l22R2 − 3k4 δ(z) (5.13)
From the form of the potential we can easily deduce that the angular excitations
spectrum will consist of continua starting from a gap of the order l
2
R2 and thus can be
safely ignored. For the s-wave (l = 0) there is a normalizable zero mode which is a
constant in the ρ coordinates, i.e. φ0 = ct. The KK tower for the s-waves will again form
a continuum but this time gapless and their wavefunctions are given by:
φm = Nme
5
4kρ
[
J3/4
(
2m
k
)
Y5/2
(
2m
k
e
k
2 ρ
)
− Y3/4
(
2m
k
)
J5/2
(
2m
k
e
k
2 ρ
)]
(5.14)
The correction to the Newton’s law due to the s-modes can be easily calculated and
one finds that it is more suppressed than the five dimensional RS2 case:
∆V = − 1O(M5Pl)
1
r4
(5.15)
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3 Bigravity in six dimensions
The flat one four-brane models considered in the previous sections have the characteristic
that gravity is localized on the brane in the same way as in the five dimensional analogue
(RS2). In this section we will show how we can construct realistic multi-localization
scenarios for gravity by consistently pasting two one brane solutions. We will consider
a two four-brane bigravity model which additionally contains in general a three-brane
associated to the existence of a conical singularity. This two brane configuration can be
realized by allowing for an inhomogeneous four brane tension.
3.1 The conifold model
We are interested in a two brane generalization of the minimal one brane model. In order
to achieve this, we do not impose any constraints for the four-brane tension:
T
(br) N
M = −δ(ρ)
 V0 δνµ 0
Vθ
 (5.16)
while we still demand for a homogeneous bulk energy momentum tension of the form:
T
(B) N
M = −ΛδNM (5.17)
The Einstein equations for σ(ρ) and γ(ρ) in this case give the following solutions for the
warp factors:
σ(ρ) = cosh4/5
[
5
4
k(ρ− ρ0)
]
, γ(ρ) = R2
cosh6/5
[
5
4kρ0
]
sinh2
[
5
4kρ0
] sinh2 [54k(ρ− ρ0)]
cosh6/5
[
5
4k(ρ− ρ0)
] (5.18)
with k2 = − Λ10M4 , where we have normalized as σ(0) = 1 and γ(0) = R2. From the above
relations it is obvious that both σ(ρ) and γ(ρ) have a bounce form. However, we note
that γ(ρ0) = 0, that is, γ(ρ) is vanishing at the minimum of the warp factor σ(ρ). This is
a general characteristic of the solutions even when the branes are non-flat. From eq.(5.3)
and eq.(5.4) we can easily find that γ(ρ) = C (σ
′(ρ))2
σ(ρ) (where C is an integration constant)
which implies that whenever we have a bounce in the warp factor the function γ(ρ) will
develop a zero.
In order to examine the nature of this singularity we examine the form of the metric
at the vicinity of the point ρ = ρ0. Taking in account that in this limit we have σ(ρ)→ 1
and γ(ρ)→ β2(ρ− ρ0)2 the metric becomes:
ds2 = ηµνdx
µdxν + dρ2 + β2(ρ− ρ0)2dθ2 (5.19)
where β2 ≡ 25k2R216
cosh6/5( 54 kρ0)
sinh2( 54 kρ0)
From the form of the metric it is clear that for general
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Figure 5.3: On the top, the form of σ(ρ) as a function of ρ. σ(ρ) has a bounce form
with the minimum at ρ0. At the bottom, the corresponding γ(ρ) function which also
has a similar bounce form. However γ(ρ) vanishes at the point that corresponds to the
minimum of the warp factor (at ρ = ρ0). This point in general corresponds to a conical
singularity.
values of the β parameter there will be a conical singularity with a corresponding deficit
angle δ = 2π(1 − β). The exhistence of this conifold singularity is connected with the
presence of a 3-brane at ρ = ρ0. In order to find the tension one has to carefully examine
the Einstein tensor at the vicinity of that point. For this reason we write the metric for
the internal manifold in the conformally flat form:
ds2 = ηµνdx
µdxν + f(r)(dr2 + r2dθ2) (5.20)
with f(r) = r2(β−1) and ρ−ρ0 = β−1rβ In these coordinates it is easy to see how the three
brane appears on the conifold point. The Einstein tensor can be calculated for ρ→ ρ0:
RMN − 1
2
GMNR =
 ∇
2 log(f(r))
2f(r) ηµν
0
0
 (5.21)
where ∇2 is the flat two dimensional Laplacian. Now given that ∇2 log(r) = 2πδ(2)(r)
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and by comparing with:
RMN − 1
2
GMNR = − V3
4M4
√
−Gˆ√−G Gˆµνδ
µ
Mδ
ν
Nδ(r) (5.22)
where δ(2)(r) = δ(r)2πr , we find that the tension of the 3-brane is:
V3 = 4(1− β)M4 = 2M
4
π
δ (5.23)
Thus, if there is angle deficit δ > 0 (β < 1) the tension of the brane is positive, whereas
if there is angle excess δ < 0 (β > 1) the tension of the brane is negative. At the critical
value β = 0 there is no conical singularity at all and we have a situation where two locally
flat spaces touch each other at one point.
For the previous solution to be consistent the brane tensions of the four branes for the
symmetric configuration must be tuned as
Vθ = −8Λ
5k
tanh
[
5
2
kρ0
]
, V0 =
3
8
Vθ +
8Λ2
5k2
1
Vθ
(5.24)
Thus, the above contruction consists of two positive tension four-branes placed at the
end of the compact space and an intermediate three brane due to the conifold singularity
with tension depending on the parameters of the model. In the limit ρ0 →∞ we correctly
obtain two identical minimal one four-models for the case where δ = 2π (β = 0).
The differential equation for the radial wavefunction φ of the graviton excitations reads:
φ′′ + 2
(
σ′
σ
+
γ′
4γ
)
φ′ +
(
m2
σ
− l
2
γ
)
φ = 0 (5.25)
normalized as
∫∞
0 dρσ
√
γφmφn = δmn.
There is an obvious normalizable zero mode with φ0 = ct. and a tower of discrete KK
states. From a general separability and locality argument we immediately see that there
should be an ultralight KK state at least for the cases of δ > 0 (β < 1) where the two
disconnected one four-brane limit is well behaved.
We can transform this differential equation to a two dimensional Schro¨dinger-like one
by the coordinate change dzdρ = σ
−1/2 ≡ g(z) and the usual wavefunction redefinition.
Then the effective potential reads:
Veff =
15
8
(
∂zg
g
)2
− 3
4
∂2zg
g
− 3
8
∂zg∂zγ
gγ
+
l2
2γg2
(5.26)
We cannot write an explicit analytic formula for of the above potential in the z-
coordinates because the coordinate transformation is not analytically invertible. However,
since the transformation is monotonic, we can easily sketch the form of the potential by
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Figure 5.4: The form of the effective potential for different angular quantum numbers l.
calculating it in the ρ coordinates. From this procedure we see that the potential for
the s-wave is finite at the conical singularity ρ0 but has a divergence for all the angular
excitations with l 6= 0. This means that only the s-wave excitations with communicate the
two parts of the conifold and the other excitations will be confined in the two semicones.
Finally, one could move the second brane to infinity and obtain a six dimensional
analogue of the localy localized model. In that case gravity on the four-brane at ρ = 0
will be mediated by only the ultralight state since the graviton zero mode will not be
normalizable.
4 Discussion and conclusions
In this Chapter we have constructed, a brane theory which can lead to multigravity models
and their associated modifications of gravity at large distances without introducing moving
negative tension branes. The constructions are made possible by going to a six dimensional
theory. The way that the no-go theorem for the presence of a bounce in the warp factor
in five dimensions without negative tension branes is evaded in six dimensions is obvious.
In five dimensions with the metric:
ds2 = e−A(ρ)ηµνdxµdxν + dρ2 (5.27)
one can readily show that the weaker energy condition requires that:
A′′ ≥ 0 (5.28)
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which means that the bounce is linked to moving negative tension branes and at their
position the weaker energy condition is violated. In the case that the branes were AdS
one could have a bounce without having negative tension branes and still satisfy the weaker
energy condition because the above relation is modified to [47]:
A′′ ≥ −2H2eA (5.29)
However, such models do not lead to modifications of gravity at large distances and more-
over the remnant negative cosmological constant is in conflict with current observations.
In the six dimensional case with metric:
ds2 = e−A(ρ)ηµνdxµdxν + dρ2 + e−B(ρ)dθ2 (5.30)
from the weaker energy condition one finds two inequalities which can be cast into the
following relation:
1
6
(B′)2 − 1
3
B′′ − 1
6
A′B′ ≤ A′′ ≤ −1
2
(B′)2 +B′′ − 3
2
A′B′ + 2(A′)2 (5.31)
This shows that the bounce can be obtained with only positive tension branes without
violating the weaker energy condition and guarantees that our constructions will evade
the ghost field problem encountered in the five dimensional case.
However, apart from the construction with the singular model, one can construct six
dimensional models with the same properties (bounce form of the warp factor) without
conical singularity. This is possible if one allows for also a inhomogeneous bulk cosmo-
logical constant. In order this to be realized some additional fine tunings between the
components of the bulk cosmological constant are required. The solution for σ(ρ) in this
case is identical as in the singular model but γ(ρ) is non-vanishing in all the region between
the branes. The latter implies that the model is free of conical singularities. The form
of the potential of the corresponding two dimensional Schro¨dinger equation again ensures
that this model has a light state making the bigravity scenario possible (for more details
see Ref. [55]).
Chapter 6
Fermions in Multi-brane worlds
1 Introduction
The study of bulk fermion fields, although not something new [5, 89], turns out to be
of particular interest in the context of brane-world scenarios both in the case of models
with large extra dimensions [9–11] (factorizable geometry) and in models of localized
gravity [17, 19, 20] (non factorizable geometry) since they can provide possible new ways
to explain the smallness of the neutrino masses, neutrino oscillations and the pattern of
fermion mass hierarchy.
In the context of string and M-theory, bulk fermions arise as superpartners of gravi-
tational moduli, such as, those setting the radii of internal spaces. Given this origin, the
existence of bulk fermions is unavoidable in any supersymmetric string compactification
and represents a quite generic feature of string theory1. This constitutes the most likely
origin of such particles within a fundamental theory and, at the same time, provides the
basis to study brane-world neutrino physics.
In the traditional approach the small neutrino masses are a result of the see-saw mech-
anism, in which a large right-handed Majorana massMR suppresses the eigenvalues of the
neutrino mass matrix leading to the light neutrino mass mν ∼ m
2
fermion
MR
. The neutrino
mixing explanations of the atmospheric and solar neutrino anomalies require that MR to
be a superheavy mass scale > 1010 GeV.
In the case of large extra dimensions [9–11], despite the absence of a high scale like
MR (since in such models the fundamental scale can be as low as 1 TeV), small neutrino
masses [90, 91] (Dirac or Majorana) can arise from an intrinsically higher-dimensional
mechanism. The idea is that any fermionic state that propagates in the bulk, being a
Standard Model (SM) singlet can be identified with a sterile neutrino which through it’s
coupling to the SM left-handed neutrino can generate small neutrino mass. In the case
of factorizable geometry, the smallness of the induced masses is due to the fact that the
coupling is suppressed by the large volume of the internal bulk manifold. In other words,
1However, note that brane-world models with non factorizable geometry have not yet been shown to
have string realizations. For string realizations of models with large extra dimensions see Ref. [10]
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′′+′′ ′′+′′′′−′′
Figure 6.1: The right-handed fermion zero mode (solid line), first (dashed line) and second
(dotted line) KK states wavefunctions in the symmetric ′′+−+′′ model. The same pattern
can occur for the corresponding wavefunctions in the ′′ + +′′ model. The wavefunctions
of the zero and the first KK mode are localized on the positive tension branes. Their
absolute value differ only in the central region where they are both suppressed resulting
to a very light first KK state.
the interaction probability between the bulk fermion zero mode, the Higgs and Lepton
doublet fields (which are confined to a brane) is small because of the large volume of bulk
compared to the thin wall where the SM states are confined, resulting a highly suppressed
coupling. In the context of these models one can attempt to explain the atmospheric and
solar neutrino anomalies (see e.g. [90, 92–95,97]).
In the context of brane world models with localized gravity [17,19,20] (non factorizable
geometry) small neutrino masses can again be achieved, without invoking the see-saw
mechanism. In more detail, in this case the mechanism generating the small coupling
between the Lepton doublet and the Higgs which live on the brane and the right-handed
sterile neutrino zero mode is not due to the compactification volume (which is now small)
but due to the fact that the sterile neutrino wavefunction can be localized [18-30] on a
distant brane. One may thus arrange that the overlap between this mode and the SM
brane is sufficiently small. In this case the AdS5 geometry localizes the fermion zero mode
on negative tension branes. Localization can occur on positive branes if a mass term of the
appropriate form is added to counterbalance the effect of the AdS5 geometry, by applying
the ideas presented in Ref. [5,89]. Such a mass term appears naturally in the case that, the
branes arise as the limiting cases of domain walls that are created from a five-dimensional
scalar field with an nontrivial ground state (kink or multi-kink) [110, 111] 2. In this case
2However, negative tension branes cannot be generated by this mechanism (i.e. using a scalar field) if
the branes are flat. However, we will use the ′′ +−+′′ as a toy models since, its phenomenology related
with the bulk fermion resembles the one corresponding to the ′′ + +′′ model, which is possible to be
contructed by a scalar field that will naturally couple to the fermion field giving it the desired localization.
For more details see Appendix
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the scalar field naturally couples to the bulk fermion through an non trivial “mass” term
which can naturally induce localization to the bulk modes on positive tension branes.
In this Chapter we analyze the localization of a bulk fermion the mass spectrum and
the coupling between SM neutrino and bulk states in the context of multi-brane worlds
(e.g. see Ref. [98]). We discuss in detail the conditions and the options for the localization
in relation to the form of the bulk mass term. We also discuss the possibility of generating
small neutrino masses in the context of ′′++−′′, ′′+−+′′3, ′′++′′ models. We determine
for which regions of the parameter space lead to a solution of the hierarchy problem and
generation of small neutrino masses. The study of ′′ + −+′′ and ′′ + +′′ models reveals
the possibility of an ultralight KK state of the bulk fermion analogous to the KK graviton
in the gravitational sector [27, 32, 46, 57]. This is due to the fact that, in this region the
wavefunction of the right-handed bulk fermion states obeys a similar equation to that of
the graviton. The above fermion state, when exists, imposes even more severe constraints
on the parameter space of these models.
2 General Framework
Following the framework introduced in Ref. [104], we consider a spinor Ψ in a five dimen-
sional AdS5 space-time, where the extra dimension is compact and has the geometry of
an orbifold S1/Z2. The AdS5 background geometry is described by
4:
ds2 = e−2σ(y)ηµνdxµdxν − dy2 (6.1)
where the warp factor σ(y) depends on the details of the model considered. For the
moment we assume that we have a model with a number of positive and negative tension
flat branes (the sum of the brane tensions should be zero if one wants flat four dimensional
space on the branes) and that this function is known ( it can be found by looking the system
gravitationally).
The action for a Dirac Spinor of a mass m in such a background is given by 5:
S =
∫
d4x
∫
dy
√
G{EAα
[
i
2
Ψ¯γα
(−→
∂A −←−∂A
)
Ψ+
ωbcA
8
Ψ¯{γα, σbc}Ψ
]
−mΦΨ¯Ψ} (6.2)
where G = det(GAB) = e
−8σ(y). The four dimensional representation of the Dirac matri-
ces in five-dimensional flat space is chosen to be: γα = (γµ, iγ5). The inverse vielbein is
given by EAα = diag(e
σ(y), eσ(y), eσ(y), eσ(y), 1). Due to the fact that the vielbein is sym-
metric, the contraction of ωbcA
6 with the corresponding term in the action gives vanishing
3We consider the ′′ + −+′′ configuration as a toy-model ignoring the phenomenological difficulties
associated with the presence of a negative tension brane [38] since it’s phenomenology is very similar to
the ′′ ++′′ which includes only positive tension branes.
4We will assume that the background metric is not modified by the presence of the bulk fermion, that
is, we will neglect the back-reaction on the metric from the bulk fields.
5We do not include a Majorana mass term, ΨTCΨ, which is forbidden if the bulk fermion has a
conserved lepton number.
6ωµab =
1
2
(∂µebν − ∂νebµ)ea
ν − 1
2
(∂µeaν − ∂νeaµ)eb
ν − 1
2
ea
ρeb
σ(∂ρecσ − ∂σecρ)ecµ, where eµν is the
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contribution. The mass term is assumed to be generated by a Yukawa coupling with a
scalar field Φ which has a nontrivial stable vacuum Φ(y).
2.1 The mass term
A few comments on presence of the mass term are in order. The motivation for introducing
a mass term of this form comes from the need to localize fermion zero modes in the
extra dimension. This is discussed in more details in the next paragraph. Note that
the “localization” of the wavefunction of a state does not necessarily reflect the actual
localization of the state, since in one has to take in account the nontrivial geometry of the
extra dimension - something that is done when we calculate physical quantities. Also when
we note that a state is localized on a brane we mean that this holds irrespectively if the
space is compact or not (thus the state should be normalizable even in the non-compact
case). In order to have a localized state (zero mode) on a positive brane it is necessary
to have an appropriate bulk mass term. This is because [103, 105] the background AdS5
geometry itself has the opposite effect favouring localization on negative tension branes.
As we will discuss, this leads to a critical mass mcr below which the localization is still on
the negative brane (if we consider a configuration of a positive and one negative brane),
for m = mcr the is no localization and for m > mcr the zero mode is localized on the
positive tension brane 7.
Let us return to the specific form of the mass term and it’s generality since this will
become important in later discussions. Since the mass term is a key element for the
localization let us, for a moment assume that it has the form mΦ(y)Ψ¯Ψ where Φ(y) is
the vev of a scalar field which has a nontrivial stable vacuum (its vev does not depend on
the remaining spatial dimensions). Now if we do a simple calculation, in the case of flat
extra dimension (the general arguments will apply also in our background eq.(6.1), taking
in account also the effects of the AdS5 geometry), we find that the above configuration
implies that the zero mode satisfies a Schro¨ndiger equation with potential of the form
V (y) = Φ2(y) − Φ′(y). In order to localize one state the profile of Φ(y) should be such
that it creates a potential well. The way to do this is to assume that the ground state
of the scalar field has a kink or a multi-kink profile [5, 89, 110]. Although the details of
these profiles depend on the form of the potential of the scalar field Φ, if we demand
strong localization of the states, the kink profiles tend to θ- functions. This implies that
the function Φ in eq.(6.2) can be considered as an arbitrary combination of θ-functions
(compatible with the symmetries of the action). However, as shown in Ref. [110] the
same field Φ can be used in order to create the branes themselves. This restricts the
possible form of the mass term. Note that negative tension branes cannot be generated
vielbein.
7One may ask why one should localize the fermion zero mode on a positive tension brane and not on a
negative ? In the case of RS model it is obvious that if we demand to solve the hierarchy problem and in
the same time to create small neutrino masses through this mechanism, one should localize the fermion
zero mode on the positive brane. In the case of multi-brane models this is not a necessity and thus, in
principle, another possibility (of course in this case the mass term - if needed - should have different form
(e.g. for m→ −m)).
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by this mechanism and thus the ′′ + −+′′ model cannot considered to be generated from
such a scalar field. However if one allows for AdS4 spacetime on the branes, then no
negative tension branes occur (thus the model becomes ′′ + +′′) and it can be shown
that the configuration can be generated from such a scalar field. It turns out that the
phenomenology accossiated with the bulk fermion in the ′′ +−+′′ model is similar to the
one of the ′′ ++′′ model if we assume that the mass term has a (multi-) kink form, which
can be parametrized as Φ(y) = σ
′(y)
k up to a sign (this naive parametrization works also
in the case of non-flat branes although the relationship between the scalar and the warp
factor is non-linear).8 The previous argument also supports the θ-function form of the
mass term (and not for example a tanh(y) profile) since we assume that the branes are
infinitely thin. Note thought that in the ′′ ++′′ model due to the AdS4 geometry on the
branes the, σ′(y) function does not have just a θ-function form but it also involves kink
profiles.
If one assumes that the mass is generated by coupling to a scalar field, different from
the one that creates the branes, it can have any form allowed by the dynamics and the
symmetries of the action. For example it can take the form: −m (θ(y)− θ(−y))). In this
case, it will tend to induce localization on the brane siting at the origin of the orbifold.
Nevertheless this will not be satisfactory option in multi-brane models where the desired
MPl/MEW hierarchy is not generated between the two first branes (e.g.
′′ +−+′′ or even
in the ′′++′′ model) since in these cases it will not generally be possible to simultaneously
solve the hierarchy problem and generate small neutrino masses (it would work though
in the ′′ + +−′′ model - or it could work in the cases where the background induced
localization dominates but in that case the mass term would be unnecessary anyway). In
any case since we are interested in the most economic, in terms of parameters and fields,
models we will not consider these possibilities.
The geometry we consider has a Z2 symmetry ( y → −y ). Under this the fermion
parity is defined as: Ψ(−y) = γ5Ψ(y) (i.e. ΨL(−y) = −ΨL(y), ΨR(−y) = ΨR(y) ) and
changes the sign of a Lagrangian mass term of the form: mΨ¯Ψ = m(Ψ¯LΨR + Ψ¯RΨL).
The full mass term however is invariant under the Z2 since the function σ
′(y) is also odd
under the reflections y → −y . With this definition of parity one of the wavefunctions
will be symmetric and the other antisymmetric with respect to the center of the orbiford .
Note that this implies that the odd wavefunction will be zero at the orbifold fixed points
(i.e. zero coupling to fields confined to that points). Since we would like in what follows
to use the right-handed component in order to give mass to SM neutrinos, which could be
confined on a brane at an orbifold fixed point, we choose the right-handed wavefunction
to be even (i.e. non-vanishing coupling) and the left-handed to be odd.
8Note thought, that if we choose the opposite sign for the mass term (i.e. m → −m) the localization
of the fermion zero mode will always be on the negative tension branes. Taking in account the fact that
the latter occurs also, in a region of the parameter space, in the case that our mass term choice is the one
that appears in eq.(6.2), we will not consider this possibility separately since we can easily, as we will see,
generalize our results for m < 0 (the presence of such a mass term sharpens the localization of the states
on negative branes).
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2.2 The KK decomposition
It is convenient to write the action in terms of the fields: ΨR and ΨL where ΨR,L =
1
2 (1± γ5)Ψ and Ψ = ΨR +ΨL. The action becomes:
S =
∫
d4x
∫
dy{e−3σ (Ψ¯Liγµ∂µΨL + Ψ¯Riγµ∂µΨR)− e−4σm(σ′(y)
k
)(
Ψ¯LΨR + Ψ¯RΨL
)
−1
2
[
Ψ¯L(e
−4σ∂y + ∂ye−4σ)ΨR − Ψ¯R(e−4σ∂y + ∂ye−4σ)ΨL
]
(6.3)
writing ΨR and ΨL in the form:
ΨR,L(x, y) =
∑
n
ψR,Ln (x)e
2σ(y)fR,Ln (y) (6.4)
the action can be brought in the form
S =
∑
n
∫
d4x{ψ¯n(x)iγµ∂µψn(x) −mnψ¯n(x)ψn(x)} (6.5)
provided the wavefunctions obey the following equations
(
−∂y +mσ
′(y)
k
)
fLn (y) = mne
σ(y)fRn (y)(
∂y +m
σ′(y)
k
)
fRn (y) = mne
σ(y)fLn (y) (6.6)
and the orthogonality relations (taking account of the Z2 symmetry):
∫ L
−L
dyeσ(y)fL
∗
m(y)f
L
n (y) =
∫ L
−L
dyeσ(y)fR
∗
m(y)f
R
n (y) = δmn (6.7)
where we assume that the length of the orbifold is 2L.
We solve the above system of coupled differential equations by substituting fLn (y)
from the second in the first equation. Thus we end up with a second order differential
equation, which can always be brought to a Schro¨dinger form by a convenient coordinate
transformation from y to z coordinates related through dzdy = e
σ(y), the coordinate trans-
formation chosen to eliminate the terms involving first derivatives. Thus we end up with
the differential equation of the form:
{
−1
2
∂2z + VR(z)
}
fˆRn (z) =
m2n
2
fˆRn (z) (6.8)
with VR(z) =
ν(ν + 1)(σ′(y))2
2[g(z)]2
− ν
2[g(z)]2
σ′′(y) (6.9)
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Here fˆRn (z) = f
R
n (y) and we have defined ν ≡ mk and g(z) ≡ eσ(y). The left handed
wavefunctions are given by 9:
fLn (y) =
e−σ(y)
mn
(
∂y +m
σ′(y)
k
)
fRn (y) (6.10)
The form of eq.(6.8) and (6.9) are exactly the same as that satisfied by the graviton when
ν = 32 [27]. For any ν, we note that before orbifolding the system supports two zero modes
(left-handed and right-handed) [104]. However, the orbifold compactification leaves only
a chiral right-handed zero mode.
We note that since the bulk fermion mass,m, is a parameter that appears in the original
five dimensional Lagrangian its “natural” value is of the order of the five dimensional
Planck scale M5. Now since we assume that k < M5 (in order to trust our perturbative
analysis when we consider the configuration gravitationally) it is clear that the “physical”
value of ν is ν > 1. However, we will always comment on the behaviour of our results out
of this region (even for negative values).
We are particularly interested in the coupling of the bulk spinor to the SM neutrinos
since this is the way that the neutrino masses will be generated. In order to avoid weak
scale neutrino masses and lepton number violating interactions we assign lepton number
L = 1 to the bulk fermion state and thus the only gauge invariant coupling is of the form
SY = −
∫
d4x
√−gBr{Y5L¯0(x)H˜0(x)ΨR(x, LBr) + h.c.} (6.11)
where H0 is the SM Higgs field, L0 is the SM lepton doublet, H˜0 = iσ2H
∗
0 , g
Br
µν is the
induced metric on the brane and gBr = det(g
Br
µν ). The Yukawa parameter Y5 has mass
dimension − 12 and thus since it appears a parameter in the five dimensional action, its
“natural” value is Y5 ∼ 1√M5 ∼
1√
k
.
To obtain canonical normalization for the kinetic terms of the SM neutrino we perform
the following field rescalingsH0 → eσ(LBr)H , L0 → e3σ(LBr)/2L , where LBr is the position
of the brane that SM is confined. This gives
SY = −
∑
n≥0
∫
d4x{ynL¯(x)H˜(x)ψRn (x) + h.c.} (6.12)
where
yn ≡ eσ(LBr)/2 Y5 fRn (L) = (g(zBr))1/2 Y5 fˆRn (zL) (6.13)
From the above interaction terms we can read off the mass matrix M that appears in
the Lagrangian as ψ¯νLMψ
ν
R + h.c. where we have defined ψ
ν
L = (νL, ψ
L
1 , . . . , ψ
L
n ) and
9Note that it can be shown that the left-handed component obeys also a similar Schro¨dinger equation
with VL(z) =
ν(ν−1)k2
2[g(z)]2
+ ν
2[g(z)]2
σ′′(y) which is the same as VR for ν → −ν.
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ψνR = (ψ0
R, ψR1 , . . . , ψ
R
n ). The mass matrix for the above class of models has the following
form
M =

υy0 υy1 . . . υyn
0 m1 . . . 0
... 0
. . . 0
0 0 . . . mn

3 Neutrinos in RS model
For completeness of our analysis, we first briefly review the case of bulk fermion spinors
in the RS model [104]. This model consists of one positive (hidden) and one negative
tension brane (where the SM fields are confined) placed on the fixed points (y = 0, L1) of
a S1/Z2 orbifold (for details see [20]). In this case the background geometry is described
by eq.(6.1) where σ(y) = k|y|. The convenient choice of variable, for the reasons described
in the previous section, is:
z ≡ e
ky − 1
k
y ∈ [0, L1] (6.14)
Since in this model we have (σ′(y))2 = k2 and σ′′(y) = 2kg(z) [δ(z)− δ(z − z1)], the
potential appearing in eq.(6.8) of the Schro¨dinger equation that the wavefunction of the
right-handed bulk fermion is (for z ≥ 0):
VR(z) =
ν(ν + 1)k2
2[g(z)]2
− ν
2g(z)
2k [δ(z)− δ(z − z1)] (6.15)
Here we have defined g(z) ≡ kz + 1 and z1 ≡ z(L1).
This potential always gives rise to a (massless) zero mode. It is given by
fˆR0 (z) =
A
[g(z)]ν
(6.16)
From the above expression it seems that the zero mode is always localized on the
positive tension brane for all values of ν. Nevertheless, by taking the second brane to
infinity, we find that the zero mode is normalizable in the case that ν > 12 and that it fails
to be normalizable when 0 ≤ ν ≤ 12 . The above, as we mentioned, shows that only when
ν > 12 the zero mode is localized on the first brane. For ν =
1
2 there is no localization
and for 0 ≤ ν < 12 it is localized on the negative brane. Another way to see the above
is to find the coupling of the KK states to mater of a “test” brane as a function of the
distance from the first (hidden) brane. From eq.(6.13) we can find that in the case of
ν > 12 the coupling decreases as we go away from the first brane, on the other hand it
is constant when ν = 12 (no localization), and increases when 0 ≤ ν < 12 (localization
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on the second brane). In any case as we previously mentioned the “natural” value for
ν can be considered to be greater than unity (having already restricted ourselves in the
region ν > 0) and thus we will assume in the following discussions that the right-handed
zero mode is always localized on the hidden positive tension brane and we will briefly
discuss the rest possibilities. Note that all the following expressions for the masses and
the coupling are valid under the assumption that ν > 12 , as the results for the rest of the
parameter space are different. In this case the normalization constant is A ≃
√
k(ν − 12 ).
Apart from the zero mode we have to consider the left and right-handed KK modes
which correspond to solutions for mn > 0. The solutions for the right-handed wavefunc-
tions in this case are given in terms of Bessel functions 10:
fˆRn (z) =
√
g(z)
k
[
AJν+ 12
(mn
k
g(z)
)
+BJ−ν− 12
(mn
k
g(z)
)]
(6.17)
These solutions must obey the following boundary conditions:
fˆRn
′(0+) +
kν
g(0)
fˆRn (0) = 0
fˆRn
′(z1−) +
kν
g(z1)
fˆRn (z1) = 0 (6.18)
The wave functions of the left-handed KK states can be easily extracted from eq.(6.10).
The boundary conditions give a 2 x 2 system for A,B which, in order to have a nontrivial
solution, should have vanishing determinant. This gives the quantization of the spec-
trum. For ν > 12 the quantization condition can be approximated by a simpler one:
Jν− 12
(
mng(z1)
k
)
= 0 This implies that the KK spectrum of the bulk state is:
mn = ξn k e
−kL1 (6.19)
(for n ≥ 1), where ξn in the n-th root of Jν− 12 (x) . This means that if one is interested
in solving the hierarchy in the context of this model, i.e. w ≡ e−kL1 ∼ 10−15 the mass of
the first bulk spinor KK state will be of the order of 1 TeV and the spacing between the
tower will be of the same order. To, summarize the spectrum in this case consists of a
chiral right-handed massless zero mode and a tower of Dirac KK states with masses that
start from 1 TeV (if a solution of the hierarchy is required) with ∼1 TeV spacing. The
other important point for the phenomenology is the coupling of the bulk spinors to the
10Note that in the case that ν = N + 1
2
, where N is an integer, the two linearly independent solutions
are: JN+1 and YN+1. Although for our calculations we have assumed that ν 6= N +
1
2
, all the results for
the mass spectrum and the couplings are valid also in the special cases when ν = N + 1
2
.
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SM neutrino. It is easy, using eq.(6.13), to find that the zero mode couples as
υ y0 = υ Y5
√
k(ν − 1
2
)
(
1
g(z1)
)ν− 12
≃ υ
√
ν − 1
2
wν−
1
2 (6.20)
since, the hierarchy factor is defined as w ≡ 1g(z1) and, as mentioned in the previous
section, Y5 ∼ 1√k , υ ∼ 102 GeV and ν >
1
2 .
In a similar fashion we can find the couplings of the SM neutrino to bulk KK states.
In this particular model it turns out that this coupling does not depend on the fermion
mass or the size of the orbifold and thus it is a constant. By a simple calculation we find
that
υyn ≃
√
2υ Y5
√
k ≃
√
2 υ (6.21)
Thus from the above we see that the KK tower couples to SM neutrino with a TeV
strength. In order to find the mass eigenstates and the mixing between the SM neutrino
and the sterile bulk modes one has to diagonalize the matrix MM† (actually one finds
the squares of the mass eigenvalues). By performing the above diagonalization, choosing
e−kL1 ∼ 10−15 it turns out that the mass of the neutrino will be of the order mν ∼
102 (10−15)ν−
1
2 (e.g. for ν = 32 , mν ∼ 10−4 eV), and the masses of the bulk states are
of the order of 1TeV with a 1TeV spacing. From the last calculations it appears that
one can easily create a small neutrino mass and at the same time arrange for the desired
mass hierarchy when ν > 12 . Apart from creating small masses, one has to check that the
mixing between the SM neutrino and the KK tower is small enough so that there is no
conflict with phenomenology. It was shown in Ref. [104] that this can be done for this
model without fine-tuning. Note that the parameter space: ν ≤ 12 (including negative
values) is not of interest in the present discussion 11 since it would be impossible to solve
the hierarchy problem and in the same time to assign small masses to neutrinos.
4 Neutrinos in ′′ ++−′′ model
Since we are interested in studying the characteristics of bulk fermion modes in multi-
brane configurations we add to the ′′+−′′ RS model another positive tension brane where
now SM fields will be confined. Thus we end up with two different configurations: the
′′ + +−′′ model which will be the subject of this section and the ′′ + −+′′ model which
will be the subject of the next section.
The ′′ ++−′′ model consists of two positive and one negative tension brane. The first
positive brane is placed on the origin of the orbifold at y = 0 the second (where the SM
fields are confined), which is freely moving, is place at y = L1 and the negative brane is
11This could be of particular interest if one uses the above mechanism to localize SM fermions on the
negative tension brane and in the same time solving the hierarchy problem (e.g. see Ref. [108]).
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placed at the second fixed point of the orbifold at y = L2.
In the present model the convenient choice of variables is defined as:
z ≡
 2e
k1L1−1
k1
y ∈ [0, L1]
ek2(y−L1)+k1L1
k2
+ e
k1L1−1
k1
− ek1L1k2 y ∈ [L1, L2]
(6.22)
Note the presence of two bulk curvatures, namely k1 and k2 in this model, which is the
price that we have to pay in order to place two positive branes next to each other (k1 < k2
but with k1 ∼ k2 so that we don’t introduce another hierarchy. For details see Ref. [32]).
In terms of the new variables we can find that the potential VR(z) of the Schro¨dinger
equation that corresponds to the present model has the form (for z ≥ 0):
VR(z) =
ν(ν+1)
2[g(z)]2 (k
2
1(θ(z)− θ(z − z1)) + k22(θ(z − z1)− θ(z − z2)))
− ν2g(z)2
[
k1δ(z) +
(k2−k1)
2 δ(z − z1)− k2δ(z − z2)
]
(6.23)
since σ′′(y) = 2g(z)
[
k1δ(z) +
(k2−k1)
2 δ(z − z1)− k2δ(z − z2)
]
and (σ′(y))2 = k21 for y ∈
[0, L1] and (σ
′(y))2 = k22 for y ∈ [L1, L2]. The function g(z) is defined as:
g(z) =
 k1z + 1 z ∈ [0, z1]k2(z − z1) + k1z1 + 1 z ∈ [z1, z2] (6.24)
where z0 = 0, z1 = z(L1) and z2 = z(L2) are the positions of the branes in terms of the
new variables.
This potential always gives rise to a (massless) zero mode whose wavefunction is given
by
fˆR0 (z) =
A
[g(z)]ν
(6.25)
The discussion of the previous section about the state localization applies in this model
as well . For ν > 12 the zero mode is localized on the first brane. For the case ν =
1
2
there is no localization again. For ν < 12 it is localized on the negative tension brane, as
expected. In the case ν > 12 we find that the normalization factor of the zero mode is
A ≃
√
k1(ν − 12 ) which is the same as in the case of RS for k = k1 (not surprisingly since
it is strongly localized on the first brane).
The wavefunctions for the right-handed KK modes are given in terms of Bessel func-
tions. For y lying in the regions A ≡ [0, L1] and B ≡ [L1, L2], we have:
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Ψˆ(n)
{
A
B
}
=

√
g(z)
k1
[
A1Jν+ 12
(
mn
k1
g(z)
)
+B1J−ν− 12
(
mn
k1
g(z)
)]√
g(z)
k2
[
A2Jν+ 12
(
mn
k2
g(z)
)
+B2J−ν− 12
(
mn
k2
g(z)
)]
 (6.26)
with boundary conditions:
fˆRn
′(0+) +
k1ν
g(0)
fˆRn (0) = 0
fˆRn (z1
+)− fˆRn (z1−) = 0
fˆRn
′(z1+)− fˆRn ′(z1−)−
2ν
g(z1)
(
k2 − k1
2
)
fˆRn (z1) = 0
fˆRn
′(z2−) +
k2ν
g(z2)
fˆRn (z2) = 0 (6.27)
The above boundary conditions result to a 4 x 4 homogeneous system for A1, B1, A2
and B2 which, in order to have a nontrivial solution, should have a vanishing determinant.
This imposes a quantization condition from which we are able to extract the mass spectrum
of the bulk spinor. The spectrum consists, apart from the chiral (right-handed) zero mode
(massless) which was mentioned earlier, of a tower of Dirac KK modes.
In this case in order to provide a solution to the hierarchy problem we have to arrange
the distance between the first two branes so that we create the desired hierarchy w. In the
present model we have an additional parameter which is the distance between the second
and the third brane x ≡ k2(L2 − L1) For the region where x >∼ 1 we can find analytically
that all the masses the KK tower (including the first’s) scale the same way as we vary the
length of the orbifold L2 :
mn = ζn wk2 e
−k2L2 (6.28)
where ζn is the n-th root of Jν− 12 (x) = 0.
In the region x < 1 the previous relation for the mass spectrum breaks down. This
is expected since for x = 0 (L2 = L1) the
′′ + +−′′ model becomes ′′ + −′′ (RS) and
the quantization condition becomes approximately Jν− 12
(
m
k1
g(z1)
)
= 0, which is identical
to the RS condition. So for 0 ≤ x ≤ 1 the quantization condition (and thus the mass
spectrum) interpolates between the previous two relations.
Let us now turn to the coupling between the SM neutrino which lives on the second
positive brane with the bulk right-handed zero mode and the rest of the KK tower. We can
easily derive that zero mode couples in that same way as in the RS case (the normalization
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of the zero mode is approximately the same):
υ y0 = υ Y5
√
k1(ν − 1
2
)
(
1
(g(z1))
)ν− 12
≃ υ
√
ν − 1
2
wν−
1
2 (6.29)
where, as we previously mentioned, Y5 ∼ 1√k1 , υ ∼ 10
2 GeV, ν > 12 and w ≡ 1g(z1) . On
the other hand the coupling of the SM neutrino to bulk KK states is given by:
υ yn ∼ υ
√
ν
(
k2
k1
)3/2
8ζ2n
Jν+ 12 (ζn)
e−3x (6.30)
where ζn is the n-th root of Jν− 12 (x) = 0.
All approximations become better away from ν = 12 , x = 0, and for higher KK levels.
Note the strong suppression in the coupling scaling law. This rapid decrease, which is
distinct among the models that we will consider, also appears in the coupling (to matter)
behaviour of the graviton KK states and a detailed explanation can be found in Ref. [32].
Thus from the above we conclude that for ν > 12 the phenomenology of this model
resembles, in the general characteristics, the one of RS. Of course in the present model
there is an extra parameter, x, which controls the details of the masses and couplings of
the KK states. Since the zero mode coupling is independent of x the general arguments of
the previous section about creating small neutrino masses apply here as well, at least for
small x . By increasing x we make the KK tower lighter, as we see from eq.(6.28), but we
avoid large mixings between the SM neutrino and the left-handed bulk states due to the
fact that the coupling between the SM neutrino and the right-handed bulk states drops
much faster according with eq.(6.30).
Note that in the case ν < 12 (negative values included) the zero mode will be localized
on the negative brane and thus one could arrange the parameter x so that the exponential
suppression of the bulk fermion’s zero mode coupling on the second brane is such that gives
small neutrino masses. Thus in this case it seems that we are able to solve the hierarchy
problem by localizing the graviton on the first positive brane and in the same time create
small neutrino masses by localizing the bulk fermion zero mode on the negative brane.
Nevertheless, one should make sure that no large mixings are induced in this case.
5 Neutrinos in ′′ +−+′′ model
We now turn to examine bulk spinors in the ′′ + −+′′ model, which was analyzed in
detail in Ref. [27, 57]. The model consists of two positive tension branes placed at the
orbifold fixed points and a third, negative brane which is freely moving in-between. SM
field are considered to be confined on the second positive brane. Of course the presence of
a moving negative brane is problematic since it gives rise to a radion field with negative
kinetic term (ghost state) [37,38] in the gravitational sector. Nevertheless we are interested
Chapter 6: Fermions in Multi-brane worlds 98
in the general characteristics of this model . The interesting feature of this model is the
bounce form of the warp factor which gives rise to an ultralight graviton KK state as
described in Ref. [27]. It was shown in Ref. [46] that exactly this feature, of a bounce in
the warp factor, can be reproduced even in the absence of negative branes in the ′′ + +′′
model where this is done by sacrificing the flatness of the branes (the spacetime on the
branes in this case is AdS4). Thus we will handle the
′′ + −+′′ as a toy model since
in this case there can be simple analytical calculations of the coupling etc. The general
characteristics will persist in the ′′ ++′′ case.
We are interested to see if this configuration as well as an ultralight graviton supports
an ultralight spinor field. In order to see this we should check the form of the potential
of the Schro¨dinger equation that the right-handed component obeys. We can easily find
that the potential is (for z ≥ 0):
VR(z) =
ν(ν + 1)k2
2[g(z)]2
− ν
2g(z)
2k [δ(z) + δ(z − z2)− δ(z − z1)] (6.31)
since (σ′(y))2 = k2 and σ′′(y) = 2kg(z) [δ(z) + δ(z − z2)− δ(z − z1)]. The convenient
choice of variables in this case is:
z ≡
 2e
kL1−e2kL1−ky−1
k y ∈ [L1, L2]
eky−1
k y ∈ [0, L1]
(6.32)
and the function g(z) is defined as g(z) ≡ k {z1 − ||z| − z1|}+ 1, where z1 = z(L1).
As in the previous cases, the above potential always supports a (massless) zero mode
with wavefunction of the form:
fˆR0 (z) =
A
[g(z)]ν
(6.33)
In this case the different localization behaviour as a function of ν is the following: For
ν > 12 the zero mode is localized on the positive branes (thus fails to be normalizable
when we send the right positive brane to infinity but is normalizable when we send both
negative and positive to infinity). For the case ν < 12 the localization of the zero mode is
on the negative tension brane, as expected. In the case ν > 12 and for strong hierarchy w
we find that the normalization factor of the zero mode is A ≃
√
k1(ν − 12 ) (Note that
in the case of “weak” hierarchy one should be careful with the assumptions on which the
approximations are based on e.g. for w = 1 the result must be divided
√
2). For the
KK modes the solution is given in terms of Bessel functions. For y lying in the regions
A ≡ [0, L1] and B ≡ [L1, L2], we have:
fˆRn
{
A
B
}
=
√
g(z)
k
[{
A1
B1
}
J 1
2+ν
(mn
k
g(z)
)
+
{
A2
B2
}
J− 12−ν
(mn
k
g(z)
)]
(6.34)
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with boundary conditions:
fˆRn
′(0+) +
kν
g(0)
fˆRn (0) = 0
fˆRn (z1
+)− fˆRn (z1−) = 0
fˆRn
′(z1+)− fˆRn ′(z1−)−
2kν
g(z1)
fˆRn (z1) = 0
fˆRn
′(z2−)− kν
g(z2)
fˆRn (z2) = 0 (6.35)
The boundary conditions give a 4 x 4 linear homogeneous system for A1, B1, A2 and
B2, which, in order to have a nontrivial solution should have vanishing determinant. This
imposes a quantization condition from which we are able to extract the mass spectrum of
the bulk spinor. The spectrum consists, apart from the chiral (right-handed) zero mode
(massless) which was mentioned earlier, by a tower of Dirac KK modes. Nevertheless due
to the fact that there are two positive tension branes present in the model there are now
two “bound” states in a similar fashion with Ref. [27, 46] (for ν > 12 ). One is the the
right-handed zero mode which is massless and it is localized on the positive brane placed
at the origin of the orbifold and the second is the ultralight right-handed first KK state
which is localized on the second positive brane placed at the other orbifold fixed point.
This can be seen by examining the mass spectrum and the coupling behaviour of the first
KK state in comparison with the rest of the tower.
Firstly let us examine the mass spectrum. In the case that we have a hierarchy w
(where w ≡ 1g(z2) = e−σ(L2)) we can find appropriate analytical expressions for the mass
spectrum.
For the first KK state
m1 =
√
4ν2 − 1 kw e−(ν+ 12 )x (6.36)
and for the rest of the tower
mn+1 = ξn kw e
−x n = 1, 2, 3, . . . (6.37)
where ξ2i+1 is the (i + 1)-th root of Jν− 12 (x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of
Jν+ 12 (x) (i = 1, 2, 3, . . .). The above approximations become better away from the ν =
1
2
, x = 0 and for higher KK levels n. The first mass is manifestly singled out from the rest
of the KK tower as it has an extra exponential suppression that depends on the mass of
the bulk fermion. By contrast the rest of the KK tower has only a very small dependence
on the mass of the bulk fermion thought the root of the Bessel function ξn = ξn(ν) which
turns out to be just a linear dependence in ν. Note there is a difference between the
graviton ultralight state (discussed in [27,57]) and this spinor state: In the case of gravity
the unltralight KK state the mass scales as a function of x was e−2x, on the other hand
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the scaling law in the case of the ultralight spinor is of the form e−(ν+
1
2 )x. From the above
it seems that the latter can be done much lighter that the graviton first KK state for a
given x by increasing the parameter ν. This is easy to understand since the role of the
mass term, with the kink or multi-kink profile, is to localize the wavefunction fˆ(z). By
increasing the parameter ν all we do is to force the absolute value of the wavefunction
of the first KK state and the massless right-handed zero mode to become increasingly
similar to each other: For example, in the symmetric configuration, the difference between
the zero mode and the first KK state wavefunctions comes from the central region of
the ′′ + −+′′ configuration, where the first KK state wavefunction is zero (since it is
antisymmetric) thought the zero mode’s is very small due to the exponential suppression
of the wavefunction, but non zero. By increasing ν we force the value of the zero mode
wavefunction at the middle point to get closer to zero and thus to resemble even more the
first KK state, something that appears in the mass spectrum as the fact that the mass
of the first KK state is approaching to zero. On the other hand the mass eigenvalues
that correspond to the rest of the tower of KK states will increase linearly their mass by
increasing the ν parameter since those are not bound states (the first mode has also such
a linear dependence in ν but it is negligible compared with the exponential suppression
associated with ν ).
Now let us turn to the behaviour of the coupling of the zero mode and the KK states
to matter living on the third (positive) brane. As in the previous cases the right-handed
zero mode couples to SM left-handed neutrino as
υ y0 = υ Y5
√
k(ν − 1
2
)
(
1
g(z2)
)ν− 1
2
≃ υ
√
ν − 1
2
wν−
1
2 (6.38)
since Y5 ∼ 1√k . From the above relationship we see that the coupling of the zero mode
to SM neutrino will generally be suppressed by the hierarchy factor to some power, the
power depending on the bulk fermion mass. This way one may readily obtain a very small
coupling. The coupling of the zero mode is independent of x. This is another way to see
the localization of this mode on the first brane (the normalization of the wavefunction
is effectively independent of x). Since this model supports a second “bound state” (first
KK state) which is localized on the second brane, we expect something similar to occur
in the coupling behaviour of this state. Indeed, similarly to the graviton case [27, 57], we
can show that the coupling of this state to the SM neutrino for fixed w is constant, i.e.
independent of the x parameter. Taking in account the result of the graviton KK state
a1 =
1
wMPl
and by comparing the graviton-matter and spinor matter coupling we can
easily see that the coupling of this special mode will be of the order of the electroweak
scale:
υ y1 ≃
√
ν − 1
2
υ (6.39)
101 5 Neutrinos in ′′ +−+′′ model
Let us now consider the coupling of the rest right-handed KK states to the SM neutrino.
We find that
υ yn ≃
√
ν − 1
2
υ e−x (6.40)
for n = 0, 1, 2.... From the above relationship we see that the rest of KK states will
generally have exponentially suppressed coupling compared to the first special state.
The appearance of this special first ultralight and generally strongly coupled KK state,
as in the graviton case, is going to have radical implication to the phenomenology of the
model. Let us consider the following example suppose that ν = 32 and that we also
require a hierarchy of the order: w ∼ 10−15. In this case the zero mode’s coupling is
υy0 ∼ υ10−15 ≃ 10−4 eV a result independent of the x parameter. On the other hand one
can check that the rest of KK tower will have masses mn ≃ 103 e−x GeV (for n = 2, 3...)
with coupling υyn ∼ υe−x. Up to this point the phenomenology associated with this model
is similar to the RS case i.e. tiny coupling of the right-handed and generally heavy KK
states with relatively strong coupling. However, taking in account the special KK state,
we have the possibility of obtaining a much lighter state with large coupling (effectively
independent of how light this state is). Having a light sterile state whose right-handed
mode has strong coupling to the SM neutrino is potentially dangerous. In such a case we
find that the dominant contribution to the mass eigenstate of the lightest mode (neutrino)
νphys will come from the left-handed component of this special sterile mode and not the
weak eigenstate ν. Of course something like this is not acceptable since there are strict
constrains for the mixing of SM neutrino to sterile states. Since the mass spectrum depends
exponentially on the the x parameter which determines the distance between the branes,
the above argument impose strong constraints on it’s possible values.
Finally, in the case that ν < 12 the bulk right-handed zero mode is localized on the
negative tension brane. In this case a new possibility arises: By localizing the graviton
wavefunction on the first brane we can explain the SM gauge hierarchy (by setting w to
the desired value ) and by localizing the bulk fermion zero mode on the negative tension
brane to induce small neutrino mass (for appropriate value of the x parameter) for the SM
neutrino which is confined on the right positive tension brane. Note that for ν < 12 there
is no special bulk spinor KK state and thus there is no immediate danger of inducing large
neutrino mixing from such a state. However, the presence of the ultralight graviton KK
state is restricting our parameter space as following: In order to solve the gauge hierarchy
problem (assuming the SM on the third brane) we have to fix the one parameter of the
model: w ∼ 10−15. Since the fermion zero mode is localized on the intermediate negative
brane we have to arrange the distance between this and the third brane (for given ν), x,
so that the coupling is sufficiently suppressed in order to give reasonable neutrino masses.
This implies that e−|ν−
1
2 |x ∼ 10−13, if one considers the mass of the neutrino of the order
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of 10−1 eV. From the bounds derived in [57] we find, for k ∼ 1017 GeV, that in order
the ultralight graviton KK state not to induce modifications of gravity at distances where
Cavendish experiments take place and not to give visible resonances to e+e− → µ+µ−
processes, we should have 4.5 < x < 15 or x < 1. The latter implies certain restrictions
to the values of ν: 1.5 < −ν < 6.2 or −ν > 29.4. In the above regions it is possible to
simultaneously create the gauge hierarchy and small neutrino masses consistently, with
the mechanism described earlier.
6 Neutrinos in ′′ ++′′ model
As we mentioned in the previous section the ′′ + +′′ model mimics the interesting char-
acteristics of the ′′ + −+′′ model without having any negative tension brane. Thus since
the warp factor has a bounce form this model also supports an ultralight graviton as was
shown in Ref. [46–48,71]. According to the previous discussion, we should expect that the
model will support a ultralight sterile neutrino as well. This can be easily shown again
by considering the form of the potential of the differential equation that the right-handed
component is obeying, which will again turn out to be of the same form as the graviton.
Now it turns out that for the construction of such a ′′++′′ configuration, it is essential
to have AdS4 geometry on both branes (for details see Ref. [46]). Thus in this case the
background geometry is described by:
ds2 =
e−2σ(y)
(1 − H2x24 )2
ηµνdx
µdxν − dy2 (6.41)
where the corresponding inverse vielbein is given by
EAα = diag(e
σ(y)(1− H
2x2
4
), eσ(y)(1 − H
2x2
4
), eσ(y)(1 − H
2x2
4
), eσ(y)(1 − H
2x2
4
), 1).
(6.42)
Since now the brane is no longer flat the previous calculations for the action will be
slightly modified. We briefly discuss these modifications. Following the same steps of the
flat case, we write Ψ = ΨR +ΨL where ΨR,L =
1
2 (1± γ5)Ψ. Since the connection part of
the Lagrangian again doesn’t give any contribution (since the vielbein is again symmetric)
the action becomes:
S =
∫ √
Gˆ d4x dy{e−3σEˆAa
(
Ψ¯Liγ
a∂AΨL + Ψ¯Riγ
a∂AΨR
)− e−4σmσ′(y)
k
(
Ψ¯LΨR + Ψ¯RΨL
)
−1
2
[
Ψ¯L(e
−4σ∂y + ∂ye−4σ)ΨR − Ψ¯R(e−4σ∂y + ∂ye−4σ)ΨL
]}(6.43)
where EˆAα = (1− H
2x2
4 )δ
A
α with (a,A=0,1,2,3) is the induced vielbein and Gˆ the deter-
minant of the induced metric. For convenience and in order to be able to use results of
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Ref. [46], we set A(y) ≡ e−σ(y) where
A(y) =
cosh(k(y0 − |y|))
cosh(ky0)
(6.44)
is the equivalent “warp” factor in this case, which is found by considering the configuration
gravitationally. Note that the profile of the scalar field that is assumed to generate the
above ′′++′′ configuration will not have the exact form σ′(y) = −A′(y)A(y) but, as it is shown
in the appendix, it can be approximated by this. This is done in order to be able to
have some analytic results for the wavefunctions and the mass spectrum. From the above
relation it is clear that the “warp” factor has the desired bounce form, with a minimum
at y0. The position of the minimum, something that it is going to be important for the
phenomenology of the model, is defined from the relationship tanh(ky0) ≡ kV1|Λ| , where
V1 is the tension of the first brane and Λ is the five dimensional cosmological constant.
As we mentioned in the introduction, the profile of the mass term, A
′(y)
A(y) , in the present
model is not a simple combination of θ-functions. In particular there are two θ-function
profiles near the orbifold fixed points which give rise to the positive branes, but there is
also an intermediate kink profile of the form − tanh(k(y − y0)) which is associated with
the presence of the bounce (this could give rise to a ′′−′′ brane as a limit , resulting to the
familiar ′′ +−+′′ configuration). Note that even though there is no brane at the position
of the minimum of the “warp” factor the kink profile is expected to act in the same way,
and thus induce localization of the fermion zero mode in specific regions of the parameter
space, exactly as in the ′′ +−+′′ model.
As in the flat-brane case, we can decompose the left-handed and right-handed fermion
fields into KK states with nontrivial profile wavefunctions fLn , f
R
n (in respect to the fifth
dimension) in order to be able to bring the Lagrangian into the form
S =
∑
n
∫
d4x
√
−gˆ{EˆAα ψ¯n(x)iγα∂Aψn(x)−mnψ¯n(x)ψn(x)} (6.45)
where the wavefunctions fLn (y), f
R
n (y) should obey the following equations
(
−∂y + m
k
A′(y)
A(y)
)
fLn (y) = mnA
−1(y)fRn (y)(
∂y +
m
k
A′(y)
A(y)
)
fRn (y) = mnA
−1(y)fLn (y) (6.46)
with the following orthogonality relations:
∫ L
−L
dyA−1(y)fLm
∗
(y)fLn (y) =
∫ L
−L
dyA−1(y)fRm
∗
(y)fRn (y) = δmn (6.47)
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Again we solve the above system of differential equations by finding the second order
differential equation that it implies for the right-handed component of the spinor. It is
always possible to make the coordinate transformation from y coordinates to z coordinates
related through: dzdy = A
−1(y) and bring the differential equations in the familiar form:
{
−1
2
∂z
2 + VR(z)
}
fˆRn (z) =
m2n
2
fˆRn (z) (6.48)
where we have defined fˆRn (z) = f
R
n (y)
with VR(z) =
ν
2
A(y)A′′(y) +
ν2
2
(A′(y))2
= −ν
2k˜2
2
+
ν(ν + 1)k˜2
2
1
cos2
(
k˜(|z| − z0)
)
− kν
[
tanh(ky0)δ(z) +
sinh(k(L− y0)) cosh(k(L− y0))
cosh2(ky0)
δ(z − z1)
]
(6.49)
with k˜ defined as k˜ ≡ kcosh(ky0) . The new variable z is related to the old one y through
the relationship:
z ≡ sgn(y) 2
k˜
[
arctan
(
tanh(
k(|y| − y0)
2
)
)
+ arctan
(
tanh(
ky0
2
)
)]
(6.50)
Thus in terms of the new coordinates, the branes are placed at z1 = 0 and zL, with the
minimum of the potential at z0 =
2
k˜
arctan
(
tanh(ky02 )
)
. Also note that with this transfor-
mation the point y =∞ is mapped to the finite point z∞ = 2k˜
[
π
4 + arctan
(
tanh(ky02 )
)]
.
We can now proceed to the solution of the above equations for the right-handed compo-
nents, while the left-handed wavefunctions can be easily evaluated using eq.(6.10) (taking
in account the definition A ≡ e−σ(y) and the change of variables). The zero mode wave-
function is given by:
fˆR0 (z) =
C
[cos(k˜(z0 − |z|))]ν
(6.51)
where C is the normalization factor. If we send one of the two branes to infinity (i.e.
z1 → z∞) and at the same time keep z0 fixed we find that the zero mode is normalizable
only in the cases where ν < 12 . In the other cases (ν ≥ 12 ) the wavefunction fails to be
normalizable due to the fact that it is too singular at z∞. Note though that in the case
where ν < 12 the first KK will not be special (i.e. will have almost the same behaviour as
the rest of the KK tower). We also note that again the zero mode is chiral i.e. there is
no solution for fLn when m0 = 0 that can satisfy the boundary conditions (antisymmetric
wavefunction). From the above we see that the localization behaviour of zero mode in the
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′′ + +′′ model is the same as in the ′′ + −+′′ model. Note that for ν < 12 the zero mode
will be localized near y0 despite the absence of any brane at that point. This is because,
as we mentioned, the −A′(y)A(y) factor, which can be considered as the vacuum expectation
value of a scalar field, has a kink profile in the neighbourhood of y0 which induces the
localization (this kink becomes the negative tension brane in the flat brane limit). By
considering cases with mn 6= 0, we find the wavefunctions for the KK tower :
fˆRn (z) = cos
ν+1(k˜(|z| − z0))
[
C1 F (a˜n, b˜n,
1
2 ; sin
2(k˜(|z| − z0)))
+ C2 | sin(k˜(|z| − z0))| F (a˜n + 12 , b˜n + 12 , 32 ; sin2(k˜(|z| − z0)))
] (6.52)
where
a˜n =
ν + 1
2
+
1
2
√(
mn
k˜
)2
+ ν2
b˜n =
ν + 1
2
− 1
2
√(
mn
k˜
)2
+ ν2 (6.53)
The boundary conditions are given by:
fˆRn
′(0+) + kν tanh(ky0)fˆRn (0) = 0
fˆRn
′(zL−)− kν sinh(k(L− y0))
cosh(ky0)
fˆRn (zL) = 0 (6.54)
the above conditions determine the mass spectrum of the KK states. By studying the
mass spectrum of the KK states it turns out that it has a special first mode similar to
the one of the ′′ +−+′′ model as expected. For example, for the symmetric configuration
(w = 1), by approximation we can analytically find the following expressions for the mass
of this special state :
m1 = 2
√
4ν2 + 3 k
(
e−ky0
)ν+ 12 (6.55)
In contrast, the masses of the next levels are given by the formulae: For odd states
mn = 2
√
(n+ 1)(n+ 1 + ν) k e−ky0 (6.56)
with n = 0, 1, 2, ..., and for even states
mn = 2
√
(n+
3
2
)(n+
3
2
+ ν) k e−ky0 (6.57)
with n = 0, 1, 2, ....
Again the mass of the first KK state is manifestly singled out from the rest of the KK
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Figure 6.2: On the left, the mass spectrum of the graviton (G) (first column) and bulk
spinor (S) (second column) KK states in the ′′ +−+′′-Bigravity model. On the right, for
comparison, the corresponding spectrum for the case of RS model. The figures are not in
scale and the details of the bulk spinor mass spectrum depend on the additional parameter
ν and thus in the above figure we have assumed ν ≃ 32 (for higher value of ν we could
have the fermion first KK state to be lighter that the first graviton KK state).
tower as it has an extra exponential suppression that depends on the mass of the bulk
fermion. The above characteristics persist in the more physically interesting asymmetric
case (w << 1). In this case we find m1 ∼ m01(ν) kw (e−kx)ν+
1
2 and mn ∼ m0n(ν) kw e−kx
where x = L1 − y0 is the distance of the second brane from the minimum of the warp
factor, and where m01 ∼ 1, m0n has a linear dependence on n (for higher levels ) and a
∼ √ν dependence . The first KK state is localized on the second positive brane and, as
in the case of ′′ + −+′′ model, its coupling to SM neutrinos remains constant if we keep
the hierarchy parameter w fixed. The phenomenology of this model will be similar to the
′′ +−+′′ model and thus we do not consider it separately.
7 Bigravity and Bulk spinors
Bigravity [27, 46, 57] (multigravity [28, 31, 32]) is the possibility that gravitational inter-
actions do not exclusively come from a massless graviton , but instead they can be the
net effect of a massless graviton and one or more KK states (continuum of KK states)
or even a single massive KK mode [46, 47] without conflict with General Relativity pre-
dictions [52, 53]. This is based on the different scaling laws of the mass between the first
and the rest of KK states. Since the first graviton KK state has mass with an additional
exponential suppression we can realize the scenario that the first KK state is so light that
its wavelength is of the order of the observable universe and thus any observable effect
of its non-vanishing mass to be out of the experimental reach, and in the same time the
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rest of the KK tower has masses above the scale that Cavendish experiments have tested
Newtonian gravity at small distances.
In the two previous sections we have shown that in the case of models, where Bigravity
can be realized, there is also an ultralight KK that corresponds to the bulk spinor assuming
the existence of the mass term for the bulk spinor that appears in eq.(6.2) (with ν > 12 ) .
The subject of this section is to investigate if the two above possibilities are compatible:
Can we have a Bigravity scenario and a consistent neutrino phenomenology? For the
sake of simplicity the discussion below will be concentrated to the ′′ + −+′′ model but,
analogous arguments should apply to the case of ′′ ++′′ model.
Let us review briefly the Bigravity scenario. The graviton ultralight first KK state has
mass m
(G)
1 = 2wk e
−2x and coupling a(G)1 =
1
wMPl
. The rest of the KK tower has masses :
m
(G)
n+1 = ξn kw e
−x n = 1, 2, 3, . . . (6.58)
where ξ2i+1 is the (i+ 1)-th root of J1(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of J2(x)
(i = 1, 2, 3, . . .). The couplings of these states scale as an ∝ e−x. In order to achieve the
Bigravity scenario, as we mentioned in the beginning of this section, we have the following
constrains on the range of masses of the KK states: m
(G)
1 < 10
−31eV or m(G)2 > 10
−4eV
(where Planck suppression is considered for the “continuum ” of states above 10−4eV).
Our exotic scheme corresponds to the choice m
(G)
1 ≈ 10−31eV and m(G)2 > 10−4eV. In
this case, for length scales less than 1026cm gravity is generated by the exchange of both
the massless graviton and the first KK mode. This implies, (taking into account the
different coupling suppressions of the massless graviton and the first KK state) that the
gravitational coupling as we measure it is related to the parameters of our model by:
1
M2Pl
=
1
M25
(
1 +
1
w2
)
≈ 1
(wM5)2
⇒MPl ≈ wM5 (6.59)
We see that the mass scale on our brane, wM5, is now the Planck scale so, although the
“warp” factor, w, may still be small (i.e. the fundamental scale M5 >> MPlanck), we
do not solve the Planck hierarchy problem. Using the equations for the mass spectrum
and assuming as before that k ≈ M5, we find that m1 = 2 kw e−2x ≈ MPlancke−2x. For
m1 = 10
−31eV we have m2 ≈ 10−2eV. This comfortably satisfies the bound m > 10−4eV.
Now let us see what this implies for the neutrino physics. Let us first consider the
case where ν > 12 . In this case, as mentioned above, there will be also an ultralight bulk
fermion KK mode. By forcing the graviton first mode to have a tiny mass we also force the
first spinor KK state to become very light (even in the best case where ν → 12 this state
will have mass of the order of a fraction of eV. For larger values of ν the state becomes
even lighter) since they are related through: m1 ∼ e( 32−ν)x mG1 . This is unacceptable since
this mode has a constant coupling of the order of the weak scale, υ, which will induce large
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mixing of the neutrino with the left-handed component of this state. However note that
in the limit ν → 12 the special first fermion KK mode will become a normal one losing it’s
localization and thus the above may not apply. Unfortunately, this is not the case as in
this limit the fermion zero mode is delocalized (for ν = 12 the coupling is constant across
the extra dimension) giving no possibility of inducing small neutrino masses (since the
compactification volume is very small)12.
Despite the severe constraints in the above scenario, due to the presence of the ultralight
bulk fermion KK state, by no means the Bigravity scenario is excluded in the case of
ν > 12 since one can always consider the possibility of placing the SM on a brane (with
tiny tension so that the background is not altered) between the negative and the second
positive brane, so that the coupling of the bulk fermion first KK state to SM neutrinos is
sufficiently small while a part of gravitational interactions will still be generated from the
ultralight graviton first KK state.
Let us turn now to the case 0 ≤ ν < 12 . In this case there is no special bulk spinor
KK state and thus the above arguments do not apply. In this case the bulk fermion zero
mode is localized on the negative tension brane. Nevertheless, in order for the Bigravity
scenario to be possible we should have x ≃ 60. If we now try to generate neutrino masses
with the mechanism described in the first section we will find that the coupling of the zero
mode to SM neutrino will be by far too small to provide consistent results. Thus in this
case although Bigravity is realized we cannot generate neutrino masses consistently.
The case of ν = 12 is of no interest since in this case there is no localization (the
fermion zero mode has constant coupling across the extra dimension). The case where
ν < 0 resembles the 0 ≤ ν < 12 case, with the only difference that the localization on
negative branes will be even sharpner, making the situation even worse.
8 Discussion and conclusions
We have studied bulk fermion fields in various multi-brane models with localized grav-
ity. The chiral zero mode that these models support can be identified as a right-handed
sterile neutrino. In this case small neutrino Dirac masses can naturally appear due to an
analogous (to graviton) localization of the bulk fermion zero mode wavefunction without
invoking a see-saw mechanism. For models in which the localization of the fermion zero
mode is induced by the same scalar field that forms the branes the localization behaviour
of this mode can resemble the graviton’s at least in a region of parameter space. The lat-
ter implies that the ′′ + +′′ model can support, in addition to the ultralight graviton KK
state, an ultralight localized and strongly coupled bulk fermion KK mode. This fermion
state, when exists, imposes even more severe constrains on the parameter space of ′′ ++′′
models. In the case that one requires the Bigravity be realized the light fermion KK mode
12Trying to use this window of the parameter space seems like a fine-tuning though since one needs to
delocalize the fermions first KK state enough in order to have small coupling to SM neutrino and on the
other hand to prevent the delocalization of the fermion zero mode with the same mechanism (ν → 1
2
).
109 8 Discussion and conclusions
can induce too large mixing between the neutrino and the KK tower and thus it restricts
even more the allowed parameter space of the relevant models.
As a general remark we see that the appearance of multi-localization in the multli-Brane
world picture and its relation to the existence of ultralight states in the KK spectrum is
not a characteristic of the graviton only, but can also occur in spin 12 fields. Moreover in
the next Chapter will be shown that also spin 0, 1 and 32 bulk states with appropriate
bulk mass terms can exhibit multi-localalization.
Chapter 7
Multi-Localization
1 Introduction
In the simplest formulation of the braneworld models no bulk matter states are assumed to
exist and thus only gravity propagates in the extra dimensions. Nevertheless “bulk” (i.e.
transverse to 3-brane space dimensions) physics turns out to be very interesting giving
alternative explanations to other puzzles of particle physics. For example, as we found in
Chapter 6, by assuming the existence of a Standard Model (SM) neutral spin 12 fermion in
the bulk one can explain the smallness of the neutrino masses without invoking the seesaw
mechanism (also see Refs. [90–97, 104]). However, it is not necessary to confine the SM
fields to the brane. Assuming that the SM fields can propagate in the bulk interesting new
possibilities arise. For example one can attempt to explain the pattern of the SM fermion
mass hierarchy by localizing the SM fermions at different places in the bulk [100–102,108].
These considerations give the motivation for considering the phenomenology associated
with spin 0, 12 and 1 fields propagating in extra dimension(s). Since our discussions will
be limited to models with localized gravity and in particular to Randall-Sundrum (RS)
type constructions, we will be interested in the phenomenology of fields that live in a
slice of AdS5 spacetime. If one also wants to explore the supersymmetric version of the
above models, it is also necessary to study the phenomenology of spin 32 field on the same
background geometry.
In Chapter 2 we have seen that in the context of RS type models the graviton is localized
on positive tension branes and suppressed on the negative ones. In Ref. [83] it was also
shown that the AdS5 background geometry of these models can localize the zero mode of a
massless scalar field on positive tension branes (see also [84]). Moreover, according to the
results of Chapter 6, the same background localizes the spin 12 fermions on negative tension
branes . The same localization behaviour holds for spin 32 fermions [86,103,109]. However,
the AdS5 background geometry cannot localize massless Abelian gauge fields [56,87,88]
1.
1However one can circumvent this “no-go theorem” for photon localization on the brane by considering
graviphotons originating from odd-dimensional self-duality equations rather than Maxwell equations - see
Ref. [120]
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The addition of mass terms modifies the localization properties. For example, it was
shown in Chapter 6 that the addition of an appropriate mass term in the action of a spin 12
field can result in the localization of the zero mode that resembles that of the graviton (the
magnitude of the mass term in this case controls the extent of localization). In the present
Chapter we show that the same can occur in the case of spin 0, 32 fields with appropriate
mass terms. Furthermore we show that by adding a mass term of a particular form in
the action of a massless Abelian gauge field we can achieve the desired localization of the
massless zero mode which can be made to resemble that of the graviton. The mass term
in this case must necessarily consist of a five dimensional bulk mass part and a boundary
part.
From the above it is clear that particles of all spins, with appropriate bulk mass terms,
can exhibit zero mode localization on positive tension branes, just as for the graviton.
In the context of multi-brane models with localized gravity the above implies a further
interesting possibility: the phenomenon of multi-localization in models that contain at
least two positive tension branes. Multi-localization, as we will see, is closely related
to the appearance of light, localized strongly coupled Kaluza-Klein (KK) states (their
coupling to matter can be even larger than the coupling of the zero mode). Thus the mass
spectrum of multi-localized fields is distinct from the mass spectrum of singly localized
fields, resulting in the possibility of new phenomenological signals. Anomalously light
states may also arise in theories without multi-localization (i.e. even in configurations
with one positive brane) in models with twisted boundary conditions.
The appearance of light KK states can be of particular phenomenological interest. For
example in Chapter 2 we examined the case of the graviton, where multi-localization and
thus the appearance of light KK graviton excitations, gives rise to the exciting possibility
of Bi-gravity (Multi-gravity) where part (or even all) ofgravitational interactions can come
from massive spin 2 particle(s) (KK state(s)). In this case the large mass gap between
the anomalously light KK state(s) and the rest of the tower is critical in order to avoid
modifications of Newton’s law at intermediate distances.
In Chapter 6, we found that anomalously light spin 12 KK states can also arise when a
bulk fermion is multi-localized. The non-trivial structure of the KK spectrum in this case,
with the characteristic mass gap between the light state(s) and the rest of the tower, can
be used for example to construct models with a small number of active or sterile neutrinos
involved in the oscillation (the rest will decouple since they will be heavy).
The organization of this Chapter is as follows: In the next Section we review the general
framework and discuss the general idea of multi-localization in the context of multi-brane
models with localized gravity. In Section 3 we study the multi-localization properties
of a bulk scalar field. In Section 4 we review the situation of a bulk fermion field. In
Section 5 we study in detail the possibilities of localization and multi-localization of an
Abelian gauge field. In Section 6 present the possibility of multi-localization in the case of
a gravitino and finally in Section 7 we review the same phenomena for the case of graviton.
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In Section 8 we discuss how multi-localization is realized in the context of supersymmetric
versions of the previous models. The overall implications and conclusions are presented in
Section 9.
2 General Framework - The idea of Multi-Localization
The original formulation of multi-localization of gravity, presented in Chapter 2 , was
obtained in five dimensions for the case that there is more than one positive tension brane.
If the warp factor has a “bounce”, in the sense that it has a minimum (or minima) between
the positive tension branes, the massless graviton appears as a bound state of the attractive
potentials associated with the positive tension branes with its wave function peaked around
them. Moreover in this case there are graviton excitations corresponding to additional
bound states with wave functions also peaked around the positive tension branes. They
are anomalously light compared to the usual Kaluza Klein tower of graviton excitations.
The reason for this is that the magnitude of their wavefunction closely approximates that
of the massless mode, differing significantly only near the position of the bounce where
the wave function is exponentially small. The mass they obtain comes from this region
and as a result is exponentially suppressed relative to the usual KK excitations.
The first models of this type (e.g. ′′+−+′′) involved negative tension branes sandwiched
between the positive tension branes. That this is necessary in the case of flat branes with
vanishing cosmological constant in four dimensions is easy to see because, for a single
flat brane, the minimum of the warp factor is at infinity and thus any construction with
another positive brane at a finite distance will have a discontinuity in the derivative of the
warp factor at the point of matching of the solutions and thus at that point a negative
tension brane will emerge.
However free negative tension brane(s) violate the weaker energy condition and lead to
ghost radion field(s). Nevertheless, in Chapter 4 we have shown that this can be avoided
through the use of AdS4 branes [46] (see [85] for a different possibility involving an external
four-form field). In this case the minimum of a single brane is at finite distance and thus
one can match the solution for two positive branes without introducing a negative tension
brane. However a drawback of this approach is that the four dimensional cosmological
constant is negative in conflict with the current indications for a positive cosmological
constant.
However, as it was shown in Chapter 5, it is possible to obtain the “bounce” and the
related multilocalisation for zero cosmological constant in four dimensions without the
need for negative tension branes [55]. As we found in Chapter 5, this is possible even in
cylindrically symmetric models if one allows for non-homogeneous brane tensions and/or
bulk cosmological constant. In this case the structure of the effective four dimensional
theory is very similar to the five dimensional case for the modes which do not depend on
the new angular co-ordinate. In particular one finds a massless graviton and anomalously
light massive modes with wavefunctions peaked around the positive tension branes.
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In this Chapter we are interested in whether spin 0, 12 , 1, and
3
2 fields can similarly
show the phenomena of multi-localisation we found for the graviton in suitable curved
backgrounds. We will show that the curved background can also induce localisation for
the case of spin 0, 12 and
3
2 fields but not for a massless vector field. However, even in flat
spacetime in higher dimensions, it is also possible to induce localisation by introducing
mass of a very specific form for these fields. We will show that this effect can localise all
fields with spin ≤ 32 , including the graviton.
For simplicity we will work mainly with the five dimensional compactification. In the
context of the discussion of the multi-localisation of fields of spin ≤ 32 , what is important is
the nature of the curved background as determined by the warp factor. Thus the general
features are applicable to all models of multi-localisation with the same warp factor profile.
However the interpretation of the mass terms needed to achieve multi-localisation differs.
In the case of models with negative tension branes the masses correspond to a combination
of a constant bulk mass together with a brane term corresponding to the coupling to
boundary sources. In the case of models without negative tension branes the mass must
have a non-trivial profile in the bulk. In certain cases this profile may be guaranteed by
supersymmetry.
In the five dimensional models considered here, the fifth dimension y is compactified
on an orbifold, S1/Z2 of radius R, with −L ≤ y ≤ L. The five dimensional spacetime is a
slice of AdS5 which is described by
2:
ds2 = e−2σ(y)ηµνdxµdxν + dy2 (7.1)
where the warp factor σ(y) depends on the details of the model considered.
Since we are interested in the phenomenology of fields propagating in the above slice of
AdS5 our goal is to determine the mass spectrum and their coupling to matter. Starting
from a five dimensional Lagrangian, in order to give a four dimensional interpretation
to the five dimensional fields, one has to implement the dimensional reduction. This
procedure includes the representation of the five dimensional fields Φ(x, y) in terms of the
KK tower of states:
Φ(x, y) =
∞∑
n=0
Φ(n)(x)f (n)(y) (7.2)
where f (n)(y) is a complete orthonormal basis spanning the compact dimension. The
idea behind this KK decomposition is to find an equivalent 4D description of the five
dimensional physics associated with the field of interest, through an infinite number of
KK states with mass spectrum and couplings that encode all the information about the
five dimensions. The function f (n)(y) describes the localization of the wavefuntion of the
n-th KK mode in the extra dimension. It can be shown that f (n)(y) obeys a second order
2We will assume that the background metric is not modified by the presence of the bulk fields, that is,
we will neglect the back-reaction on the metric from their presence.
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V (z)
z
Figure 7.1: The scenario of multi-localization is realized in configurations where the cor-
responding form of potential has potential wells that can support bound states. Such a
potential is the one that corresponds to the ′′+−+′′ model. Positive branes are δ-function
wells and negative are δ-function barriers.
differential equation which, after a convenient change of variables and/or a redefinition3
of the wavefunction, reduces to an ordinary Schro¨dinger equation:
{
−1
2
∂2z + V (z)
}
fˆ (n)(z) =
m2n
2
fˆ (n)(z) (7.3)
The mass spectrum and the wavefunctions (and thus the couplings) are determined by
solving the above differential equation. Obviously all the information about the five di-
mensional physics is contained in the form of the potential V (z). For example in the case
of the graviton the positive tension branes correspond to attractive δ-function potential
wells whereas negative tension branes to δ-function barriers. The form of the potential
between the branes is determined by the AdS5 background.
2.1 Multi-Localization and light KK states
Multi-localization emerges when one considers configuration of branes such that the cor-
responding potential V (z) has at least two (δ-function)4 potential wells, each of which
can support a bound state (see Fig.(7.1) for the ′′ + −+′′ case). If we consider the above
potential wells separated by an infinite distance, then the zero modes are degenerate and
massless. However, if the distance between them is finite, due to quantum mechanical
tunneling the degeneracy is removed and an exponentially small mass splitting appears
between the states. The rest of levels, which are not bound states, exhibit the usual KK
spectrum with mass difference exponentially larger than the one of the “bound states” (see
Fig.(7.2)). The above becomes clearer if one examines the form of the wavefunctions. In
3The form of the redefinitions depend on the spin of the field.
4In the infinitely thin brane limit that we consider, the wells associated with positive branes are δ-
functions.
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′′ +−+′′ Model ′′ +−′′ RS Model
Figure 7.2: Comparison of the gravitational spectrum of the ′′ + −+′′ model with the
′′′ +−′ Randall-Sundrum model.
the finite distance configuration the wavefunction of the zero mode is the symmetric com-
bination (fˆ0 =
fˆ10+fˆ
2
0√
2
) of the wavefunctions of the zero modes of the two wells whereas the
wavefunction of the first KK state is the antisymmetric combination (fˆ0 =
fˆ10−fˆ20√
2
). Such
an example is shown in Fig.(7.3) where are shown the wavefunctions of the graviton in the
context of ′′ +−+′′ model with two positive tension branes at the fixed point boundaries
and a negative tension brane at the mid-point. From it we see that the absolute value of
these wavefunctions are nearly equal throughout the extra dimension, with exception of
the central region where the antisymmetric wavefunction passes through zero, while the
symmetric wavefunction has suppressed but non-zero value. The fact that the wavefunc-
tions are exponentially small in this central region results in the exponentially small mass
difference between these states.
The phenomenon of multi-localization is of particular interest since, starting from a
problem with only one mass scale (the inverse radius of compactification), we are able to
create a second scale exponentially smaller. Obviously the generation of this hierarchy is
due to the tunneling effects in our “quantum mechanical” problem.
2.2 Locality - light KK states and separability
Summarizing, if in a single brane configuration (with infinite extra dimension) the zero
mode of a field is localized on the brane, then in a multi-brane world scenario it will be
multi-localized and as a consequence light KK states will appear in its spectrum. The
latter is assured from the following locality argument: In the infinite separation limit of
the multi-brane configuration physics on each brane should depend on local quantities
and not on physics at infinity. The latter assures the smoothness of the limit of infinite
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Figure 7.3: The wavefunctions of the three first modes in the ′′ + −+′′ model. The zero
mode (solid line), first (dashed line ) and second (dotted line) KK states. Note that the
absolute value of the wavefunctions of the zero mode and the first KK state almost coincide
except for the central region of the configuration where they are both suppressed.
Figure 7.4: The effect of stretching the configuration by moving the two wells further apart.
Note that the wavefunction of the zero mode and the first KK state remain localized but
the remaining of the modes, not being bound states, will stretch along the extra dimension.
. . .
Figure 7.5: The case when the distance between the branes become infinite. The zero
mode (which still exists if the compactification volume is finite) and the first KK state
become degenerate. The wavefunction of the second KK state spreads along the extra
dimension.
117 3 Multi-Localization of spin 0 field
separation of branes in the sense that at the end of the process the configuration will
consists of identical and independent single brane configurations. As a result the above
locality argument also ensures the appearance of light states which at the above limit will
become the zero modes of the one brane configurations.
3 Multi-Localization of spin 0 field
3.1 ′′ +−+′′ Model
Let us now explore whether multi-localization of spin 0 fields can be realized in the context
of the RS type of models. We start our discussion from the simplest case of a real scalar
field propagating in a five dimensional curved background described by the metric of
eq.(7.1) where the function σ(y) is the one that corresponds to the ′′+−+′′ configuration.
The action for a massive bulk scalar field in this case is:
S =
1
2
∫
d4x
∫
dy
√
G
(
GAB∂AΦ∂BΦ+m
2
ΦΦ
2
)
(7.4)
where G = det(GAB) = e
−8σ(y). Under the Z2 symmetry m2Φ should be even. We take
m2Φ of the form:
m2Φ = C +ΣiDiδ(y − yi) (7.5)
where Di = ±1 for a positive or negative brane respectively. The first term corresponds
to a constant five dimensional bulk mass and the second to the coupling of the scalar field
to boundary sources 5. The mass can be rewritten in the form
m2Φ = α(σ
′(y))2 + βσ′′(y) (7.6)
Taking in account the form of the vacuum, the above action can be written as
S =
1
2
∫
d4x
∫
dy
(
e−2σ(y)ηµν∂µΦ∂νΦ− Φ∂5(e−4σ(y)∂5Φ) +m2Φe−4σ(y)Φ2
)
(7.7)
In order to give a four dimensional interpretation to this action we go through the di-
mensional reduction procedure. Thus we decompose the five dimensional field into KK
modes
Φ(x, y) =
∑
n
φn(x)fn(y) (7.8)
Using this decomposition, the above action can be brought in the form
S =
1
2
∑
n
∫
d4x{ηµν∂µφn(x)∂νφn(x) +m2nφ2n(x)} (7.9)
5Here we have assumed that the magnitude of the boundary mass term contribution is the same for
all branes. This is needed in order to have a zero mode.
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provided the KK wavefunctions obey the following second order differential equation
− d
dy
(
e−4σ(y)
dfn(y)
dy
)
+m2Φe
−4σ(y)fn(y) = m2ne
−2σ(y)fn(y) (7.10)
with the following orthogonality relations (taking in account the Z2 symmetry):
∫ L
−L
dye−2σ(y)f∗m(y)fn(y) = δmn (7.11)
where we assume that the length of the orbifold is 2L.
The linear second order differential equation can always be brought to a Schro¨ndiger
form by a redefinition of the wavefunction and by a convenient coordinate transformation
from y to z coordinates related by : dzdy = e
σ(y). The coordinate transformation is chosen
to eliminate the terms involving first derivatives. Thus we end up with the differential
equation of the form: {
−1
2
∂2z + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (7.12)
where the potential is given by
V (z) =
15
4 (σ
′(y))2 +m2Φ
2[g(z)]2
−
3
2
2[g(z)]2
σ′′(y) (7.13)
where g(z) ≡ eσ(y) and we have made a redefinition of the wavefunction:
fˆn(z) = e
− 32σ(y)fn(y) (7.14)
Note that for mφ = 0 the above Schro¨endiger equation is identical to that of the
graviton. This implies that the mass spectrum of a massless scalar field of even parity is
identical to the graviton’s and thus supports an ultralight KK state(s). Addition of a bulk
mass term (β = 0), results in the disappearance of the zero mode from the spectrum (the
ultralight state also is lost). Nevertheless, by considering a mass term of the more general
form (with α 6= 0 and β 6= 0 ), which has the characteristic that it changes both terms
of the potential of eq.(7.15), we can not only recover the zero mode but in addition have
ultralight KK state(s). In this case the corresponding potential will be
V (z) =
(
15
4 + α
)
(σ′(y))2
2[g(z)]2
−
(
3
2 − β
)
2[g(z)]2
σ′′(y) (7.15)
This is of the general form given in Appendix A. A massless mode exists if α = β2 −
4β in which case the wavefunction is fˆ(z) ∝ e(β−3/2)σ(y). From equation (7.11) we see
that f(y)e−σ(y) ∝ e(β−1)σ(y) is the appropriately normalised wavefunction in the interval
[−L,L]. This is localised on the positive tension brane for β > 1 and on the negative
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tension brane for β < 1. When the condition for the zero mode is satisfied we find the
mass of the first ultralight KK state to be given by.
m1 ≈
√
4ν2 − 1 kw e−(ν+ 12 )x (7.16)
where ν = 32 − β and for the rest of the KK tower
mn+1 ≈ ξn kw e−x n = 1, 2, 3, . . . (7.17)
where ξ2i+1 is the (i + 1)-th root of Jν− 12 (x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of
Jν+ 12 (x) (i = 1, 2, 3, . . .). The above approximations become better away from the ν =
1
2
, x = 0 and for higher KK levels, n. The first mass is singled out from the rest of the KK
tower as it has an extra exponential suppression that depends on the mass of the bulk
fermion. In contrast, the rest of the KK tower has only a very small dependence on the
mass of the bulk fermion through the root of the Bessel function ξn = ξn(ν) which turns
out to be just a linear dependence on ν.
3.2 ′′ ++′′ model
We now consider a model which exhibits Bi-gravity but does not require negative tension
branes. It is built using two positive tension branes and leads to AdS in four dimensions.
A discussion of this model appears in Appendix D.
The discussion of the localisation of spin 0 fields in the ′′++′′ case follows similar lines
to that of the ′′ +−+′′ case. In the absence of any mass term for the scalar the potential
has the form given in eq.(D.6) with ν = 32 . Thus again the spectrum of the scalar KK
tower is identical to that of the graviton. However the structure changes on the addition
of a five dimensional mass term for the scalar. If one adds a constant bulk mass term
there is no longer a zero mode and the ultralight state is also lost. In this case, however,
it is not possible to recover the zero mode and light states by adding a boundary term
corresponding to coupling to boundary sources. The reason is that a boundary term is no
longer equivalent to a term proportional to σ′′ (c.f. Appendix D ). As a result, up to the
constant bulk term we have added, the bulk potential still has the form of eq.(D.6) with
ν = 32 and, due to the constant bulk mass term, there is no zero mode. We see that the
multi-localisation by a constant bulk plus brane mass term was special to the case with
negative tension branes. If one is to achieve the same in the case without negative tension
branes it is necessary to add a mass term of the form given in eq.(7.6) which cannot now
be interpreted as a five dimensional bulk mass term plus a coupling of the scalar field to
boundary sources. Note that if one does choose a scalar mass term of the form given
in eq.(7.6) the remainder of the discussion applies to the ′′ + +′′ case too and one can
generate the multilocalised scalar field configurations discussed above.
Of course the question is whether such a scalar mass term can be justified. As we
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will discuss in Section 9 supergravity can generate such mass terms in some, but not all,
cases. For the remainder it seems unlikely as σ′ and σ′′ are related to the metric and the
underlying geometry of the compactification and it is difficult to see why a mass term of
the form given in eq.(7.6) should arise. One possible explanation may follow if one can
realise the ideas of reference [110]. In this case the geometry of compactification is driven
by scalar field vacua with kink profiles along the extra dimension. Perhaps the coupling
to these scalar fields will induce a mass term of the form given in eq.(7.6).
4 Multi-Localization of spin 12 field
As has been shown in Chapter 6 multi-localization can appear also to spin 12 fields with
appropriate mass terms. Here for completeness we briefly review this case. The AdS5
background geometry localizes the chiral zero mode on negative tension branes. However
the addition of a mass term [5, 89] can alter the localization properties of the fermion so
that it is localized on positive tension branes. The starting point again will be the action
for a spin 12 particle in the curved five dimensional background of eq.(7.2):
S =
∫
d4x
∫
dy
√
G{EAα
[
i
2
Ψ¯γα
(−→
∂A −←−∂A
)
Ψ+
ωbcA
8
Ψ¯{γα, σbc}Ψ
]
−m(y)Ψ¯Ψ} (7.18)
where G = det(GAB) = e
−8σ(y). Given the convention of of eq.(7.2) we adopt the “mostly
hermitian” representation of the Dirac matrices. The four dimensional representation of
the Dirac matrices is chosen to be γa = (γµ, γ5) with (γ0)2 = −1, (γi)2 = 1, (γ5)2 = 1.
We define ΓM = EMa γ
a and thus we have {γa, γb} = 2ηab and {Γa,Γb} = 2gab(y), where
ηab = diag(−1, 1, 1, 1, 1). The vielbein is given by
EAα = diag(e
σ(y), eσ(y), eσ(y), eσ(y), 1) (7.19)
Here we choose the mass term to have a (multi-) kink profile m(y) = σ
′(y)
k . It is
convenient to write the action in terms of the fields: ΨR and ΨL where ΨR,L =
1
2 (1±γ5)Ψ
and Ψ = ΨR +ΨL. The action becomes:
S =
∫
d4x
∫
dy{e−3σ (Ψ¯Liγµ∂µΨL + Ψ¯Riγµ∂µΨR)− e−4σm(σ′(y)
k
)(
Ψ¯LΨR + Ψ¯RΨL
)
−1
2
[
Ψ¯L(e
−4σ∂y + ∂ye−4σ)ΨR − Ψ¯R(e−4σ∂y + ∂ye−4σ)ΨL
]
(7.20)
writing ΨR and ΨL in the form:
ΨR,L(x, y) =
∑
n
ψR,Ln (x)e
2σ(y)fR,Ln (y) (7.21)
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the action can be brought in the form
S =
∑
n
∫
d4x{ψ¯n(x)iγµ∂µψn(x) −mnψ¯n(x)ψn(x)} (7.22)
provided the wavefunctions obey the following equations
(
−∂y +mσ
′(y)
k
)
fLn (y) = mne
σ(y)fRn (y)(
∂y +m
σ′(y)
k
)
fRn (y) = mne
σ(y)fLn (y) (7.23)
and the orthogonality relations (taking account of the Z2 symmetry):
∫ L
−L
dyeσ(y)fL
∗
m(y)f
L
n (y) =
∫ L
−L
dyeσ(y)fR
∗
m(y)f
R
n (y) = δmn (7.24)
where we assume that the length of the orbifold is 2L.
We solve the above system of coupled differential equations by substituting fLn (y) from
the second in the first equation. Thus we end up with a second order differential equation,
which can always be brought to a Schro¨ndiger form by a convenient coordinate transfor-
mation from y to z coordinates related through dzdy = e
σ(y). This gives the differential
equation of the form: {
−1
2
∂2z + VR(z)
}
fˆRn (z) =
m2n
2
fˆRn (z) (7.25)
with potential
VR(z) =
ν(ν + 1)(σ′(y))2
2[g(z)]2
− ν
2[g(z)]2
σ′′(y) (7.26)
Here fˆRn (z) = f
R
n (y) and we have defined ν ≡ mk and g(z) ≡ eσ(y). The left handed
wavefunctions are given by 6:
fLn (y) =
e−σ(y)
mn
(
∂y +m
σ′(y)
k
)
fRn (y) (7.27)
For ν = 32 that the form of eq.(7.26) is exactly the same as that satisfied by the gravi-
ton. The solution has the form fˆRn (z) ∝ e−νσ(y). From equation (7.24) we see that
fR(y)eσ(y)/2 ∝ e(1/2−ν)σ(y) is the appropriately normalised wavefunction.
There are three regions of localization: For ν < 12 the zero mode is localized on negative
tension branes, for ν = 12 it is not localized and for ν >
1
2 it is localized on positive tension
6Note that it can be shown that the left-handed component obeys also a similar Schro¨dinger equation
with VL(z) =
ν(ν−1)k2
2[g(z)]2
+ ν
2[g(z)]2
σ′′(y) which is given by VR with ν → −ν.
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branes. The study of the spectrum of the above differential equation provides the spectrum
(for ν > 12 ): For the first KK state we find (for the symmetric configuration)
m1 =
√
4ν2 − 1 kw e−(ν+ 12 )x (7.28)
and for the rest of the tower
mn+1 = ξn kw e
−x n = 1, 2, 3, . . . (7.29)
where ξ2i+1 is the (i + 1)-th root of Jν− 12 (x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of
Jν+ 12 (x) (i = 1, 2, 3, . . .). The above approximations become better away from the ν =
1
2 ,
x = 0 and for higher KK levels n. The first mass is manifestly singled out from the rest of
the KK tower as it has an extra exponential suppression that depends on the mass of the
bulk fermion. By contrast the rest of the KK tower has only a very small dependence on
the mass of the bulk fermion thought the root of the Bessel function ξn = ξn(ν) which turns
out to be just a linear dependence in ν. The special nature of the first KK state appears
not only in the characteristics of the mass spectrum but also in its coupling behaviour. As
it was shown in Chapter 6 the coupling to matter of the right-handed component of the
first KK state is approximately constant (independent of the separation of the positive
branes).
It is instructive to examine the localization behaviour of the modes as the separation
between the two δ-function potential wells increases. In the following we assume that
ν > 12 so that multi-localization is realized. In the case of infinite separation we know
that each potential well supports a single chiral massless zero mode and that the rest
of the massive modes come with Dirac mass terms. This raises an interesting question:
How from the original configuration with finite size which has only one chiral mode do we
end up with a configuration that has two chiral modes ? The answer to this question is
found by examining the localization properties of the first special KK mode. From Figs
(7.3,7.4,7.5) we see that the right-handed component of the first KK state (dashed line) is
localized on the positive tension brane whereas the left-handed component (dotted line) is
localized in the central region of the configuration. As we increase the distance separating
the two potential wells the right-handed component remains localized on the positive
tension branes whereas the left-handed state starts to spread along the extra dimension.
We see that the second chiral mode that appears in the infinite separation limit is the
right-handed component of the first KK state. This is possible since in that limit the
left-handed component decouples (since it spreads along the infinite extra dimension). In
this limit, the chiral zero mode that each potential well supports can be considered as the
combination of the zero mode of the initial configuration and the massless limit of the first
KK state.
Our discussion of fermion localisation applies also to models of the “++” type without
negative tension branes. The major difference is that the fermion mass term are no-longer
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constant in the bulk. As in the case of the scalars it remains to be seen whether such mass
terms actually arise in models in which the geometry is determined by non-trivial scalar
field configurations.
5 Localization and Multi-Localization of spin 1 field
We now turn to the study of an Abelian gauge field. In the context of string theory it is
natural to have gauge fields living in their world-volume of D-branes (these gauge fields
emerge from open strings ending on the D-branes). However, in the case of a domain wall
it turns out that it is difficult to localize gauge bosons in a satisfactory way. The problem
has been addressed by several authors Ref. [110, 115–118]. In this section we argue that
the localization of gauge boson fields is indeed technically possible for particular forms of
its five dimensional mass term (a similar mass term has been considered by [119]). Our
starting point is the Lagrangian for an Abelian gauge boson in five dimensions:
S =
∫
d4x
∫
dy
√
G
[
−1
4
GMK GNL FMN FKL − 1
2
α(σ′(y))2AMAM − 1
2
βσ′′(y)AµAµ
]
(7.30)
where FMN = ∂MAN − ∂NAM . Again we have assumed a mass term allowed by the
symmetries of the action of the form:
m2 = α(σ′(y))2 + βσ′′(y) (7.31)
Of course it is important to be able to generate the above mass term in a gauge invariant
way. This can be readily done through the inclusion in the Lagrangian of the term:
(
α(σ′(y))2 + βσ′′(y)
) (
(DMφ)∗(DMφ) − V (φ)
)
(7.32)
Here we have added a five dimensional charged Higgs field, φ. If the potential V (φ) triggers
a vacuum expectation value for φ, it will spontaneously break gauge invariance both in
the bulk and on the brane and generate a vector mass term of the required form. The
resulting action (in the gauge A5 = 0) is
S =
∫
d4x
∫
dy
√
Gˆ
[
−1
4
Gˆµκ Gˆνλ Fµν Fκλ − 1
2
e−2σ(y)(∂5Aν)(∂5Aλ)Gˆνλ − 1
2
m2AµA
µ
]
(7.33)
where:
m2 = α(σ′(y))2 + βσ′′(y) (7.34)
Performing the KK decomposition
Aµ(x, y) =
∑
n
Aµn(x)fn(y) (7.35)
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this can be brought in the familiar action form for massive spin 1 particles propagating in
flat space-time
S =
∑
n
∫
d4x
[
−1
4
ηµκ ηνλ F
µν
n F
κλ
n −
1
2
m2nA
µ
nA
ν
n
]
(7.36)
provided that fn(y) satisfies the following second order differential equation
− d
dy
(
e−2σ(y)
dfn(y)
dy
)
+m2e−2σ(y)fn(y) = m2nfn(y) (7.37)
with the following orthogonality relations (taking in account the Z2 symmetry):
∫ L
−L
dyf∗m(y)fn(y) = δmn (7.38)
where we assume that the length of the orbifold is 2L. As before this can be brought to
a Schro¨dinger form by a redefinition of the wavefunction and by a convenient coordinate
transformation from y to z coordinates related through: dzdy = e
σ(y). Thus we end up with
the differential equation of the form:
{
−1
2
∂2z + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (7.39)
where
V (z) =
3
4 (σ
′(y))2 +m2
2[g(z)]2
−
1
2
2[g(z)]2
σ′′(y) (7.40)
where
fˆn(z) = e
− 12σ(y)fn(y) (7.41)
and we have defined for convenience g(z) ≡ eσ(y). Let us now examine the localization
properties of the gauge boson modes. For m = 0 there exists a zero mode with wavefunc-
tion:
fˆn(z) = Ce
− 1
2
σ(y) =
C√
g(z)
(7.42)
where C is a normalization constant. From eq.(7.38) it is clear that in this case the
appropriately normalized wavefunction f(y) is constant along the extra dimension and
thus that the gauge boson is delocalized. For m 6= 0 with α 6= 0 and β = 0 the zero mode
becomes massive. We can recover the zero mode by allowing for the possibility of β 6= 0.
In this case the potential can be written as
V (z) =
(
α+ 34
)
(σ′(y))2
2[g(z)]2
−
(
1
2 − β
)
2[g(z)]2
σ′′(y) (7.43)
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This is of the general form given in Appendix D. A massless mode exists if α = β2 − 2β
in which case the wavefunction fˆ(z) ∝ e(β−1/2)σ(y). From equation (7.41) we see that
f(y)e−σ(y) ∝ eβσ(y) is the appropriately normalised wavefunction in the interval [−L,L].
This is localised on the positive tension brane for β > 0 and on the negative tension brane
for β < 0. When the condition for the zero mode is satisfied we find the mass of the first
ultralight KK state to be given by (for the symmetric configuration):
m1 =
√
4ν2 − 1 kw e−(ν+ 12 )x (7.44)
where ν = 12 − β and for the rest of the tower
mn+1 = ξn kw e
−x n = 1, 2, 3, . . . (7.45)
where ξ2i+1 is the (i + 1)-th root of Jν− 12 (x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of
Jν+ 12 (x) (i = 1, 2, 3, . . .). Again, the first KK is singled out from the rest of the KK tower
as it has an extra exponential suppression that depends on the mass parameter ν. In
contrast the rest of the KK tower has only a very small dependence on the ν parameter
thought the root of the Bessel function ξn = ξn(ν) which turns out to be just a linear
dependence in ν.
Once again our discussion applies unchanged to the case without negative tension
branes. Once again the difference is that the mass no longer corresponds to a combination
of brane and constant bulk terms. Perhaps the origin of such terms will be better motivated
in the case that the geometry is driven by a non-trivial vacuum configuration of a scalar
field with a profile in the bulk such that coupling of the gauge field to it generates the
required mass term. At present we have no indication that this should be the case.
6 Multi-Localization of spin 32 field
In this section we consider the (multi-) localization of a spin 32 particle. The starting point
will be the Lagrangian for a 32 particle propagating in curved background is:
S = −
∫
d4x
∫
dy
√
GΨ¯MΓ
MNP
(
DN +
m
2
ΓN
)
ΨP (7.46)
where the covariant derivative is
DMΨN = ∂MΨN − ΓPMNΨP +
1
2
ωABM γAB (7.47)
with γAB =
1
4 [γA, γB] and Γ
MNP = Γ[MΓNΓP ]. The connection is given by
ωABM =
1
2
gPN e[AP∂[Me
B]
N ] +
1
4
gPN gTΣ e[AP e
B]
T∂[Σ e
Γ
N ] e
∆
M ηΓ∆ (7.48)
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where ΓM = eMnγ
n with eMn = diag(e
σ(y), eσ(y), eσ(y), eσ(y), 1). As in the case of the
Abelian gauge boson we will assume that we generate the mass term for this field in a
gauge invariant way. Exploiting the gauge invariance we can fix the gauge setting Ψ5 = 0,
something that simplifies considerably the calculations. In this case, the above action
becomes
S = −
∫
d4x
∫
dy
√
GΨ¯µΓ
µνρ
(
Dν +
m
2
Γν
)
Ψρ −
√
GΨ¯µΓ
µ5ρ
(
D5 +
m
2
Γ5
)
Ψρ (7.49)
We can simplify the above further taking in account the following identities:
Γµνρ = e3σ(y)γµνρ
Γµ5ρ = e2σ(y)γµ5ρ
γµνργν = −2γµρ
γµ5ρ = −γ5γµρ
γµργµ = −2γρ (7.50)
Using the above we find the following simple forms for the covariant derivatives
Dν = ∂ν − 1
2
σ′(y)e−σ(y)γνγ5
D5 = ∂5 (7.51)
Using the previous relations we write the action in the form
S = −
∫
d4x
∫
dye−σ(y)Ψ¯µγµνρ
(
∂ν − 1
2
σ′(y)e−σ(y)γνγ5 +
m
2
e−σ(y)γν
)
Ψρ
−e−2σ(y)Ψ¯µγµ5ρ
(
∂5 +
m
2
γ5
)
Ψρ (7.52)
The above can be brought in the form
S = −
∫
d4x
∫
dye−σ(y)Ψ¯µγµνρ∂νΨρ + e−2σ(y)Ψ¯µγµρ
[
3m
2
+ γ5 (∂5 − σ′(y))
]
Ψρ (7.53)
At this stage it turns out, like in the spin 12 case, that it is convenient to write Ψµ in terms
of ΨRµ and Ψ
L
µ (Ψµ = Ψ
R
µ +Ψ
L
µ) which have different KK decomposition:
ΨR,Lµ (x, y) =
∑
n
ψR,Lµ n (x)e
σ(y)fR,Ln (y) (7.54)
Substituting the above decompositions in the action we get
S = −
∫
d4x
∫
dyeσ(y)(Ψ¯Rµ γ
µνρ∂νΨ
R
ρ + Ψ¯
L
µγ
µνρ∂νΨ
L
ρ )
127 7 Multi-Localization of the graviton field
+Ψ¯Rµ γ
µρ
[
3m
2
+ γ5∂5
]
ΨLρ + Ψ¯
L
µγ
µρ
[
3m
2
+ γ5∂5
]
ΨRρ (7.55)
this can be brought to the familiar action form for massive spin 32 particle in flat back-
ground
S =
∫
d4x{−Ψ¯µγµνρ∂νΨρ +mnΨ¯µγµρΨρ} (7.56)
provided that fRn and Ψ
L
n satisfy that following coupled differential equations(
−∂y + 3m
2
σ′(y)
k
)
fLn (y) = mne
σ(y)fRn (y)(
∂y +
3m
2
σ′(y)
k
)
fRn (y) = mne
σ(y)fLn (y) (7.57)
supplied with the orthogonality relations (taking account of the Z2 symmetry):
∫ L
−L
dyeσ(y)fL
∗
m(y)f
L
n (y) =
∫ L
−L
dyeσ(y)fR
∗
m(y)f
R
n (y) = δmn (7.58)
Note that the form of the above system of differential equations is identical to the one
of spin 12 particle provided we substitute m → 3m2 . Accordingly the corresponding
Schro¨dinger equation and thus the mass spectrum in this case is going to be the same
as the spin 12 case up to the previous rescaling of the mass parameter.
7 Multi-Localization of the graviton field
In this section, for completeness, we review the multi-localization scenario for the graviton.
The gravitational field has the characteristic that it creates itself the background geometry
in which it and the rest of the fields propagate. Thus, one has first to find the appropriate
vacuum solution and then consider perturbations around this solution. In order to exhibit
how the multi-localization appears in this case, we will again work with the ′′ + −+′′
configuration. The starting point is the Lagrangian
S =
∫
d4x
∫ L2
−L2
dy
√
−G{−Λ+ 2M3R} −
∑
i
∫
y=Li
d4xVi
√
−Gˆ(i) (7.59)
The Einstein equations that arise from this action are:
RMN − 1
2
GMNR = − 1
4M3
(
ΛGMN +
∑
i
Vi
√
−Gˆ(i)√−G Gˆ
(i)
µνδ
µ
Mδ
ν
Nδ(y − Li)
)
(7.60)
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using the metric ansatz of eq.(7.2) we find that the above equations imply that the function
σ(y) satisfies:
(σ′)2 = k2 (7.61)
σ′′ =
∑
i
Vi
12M3
δ(y − Li) (7.62)
where k =
√
−Λ
24M3 is a measure of the curvature of the bulk. The exact form of σ(y)
depends on the brane configuration that we consider. For example, in the case of ′′+−+′′
model we have
σ(y) = k {L1 − ||y| − L1|} (7.63)
where L1 is the position of the intermediate brane. with the requirement that the brane
tensions are tuned to V0 = −Λ/k > 0, V1 = Λ/k < 0, V2 = −Λ/k > 0. In order to examine
the localization properties of the graviton, the next step is to consider fluctuations around
the vacuum of eq.(7.1). Thus, we expand the field hµν(x, y) in graviton and KK states
plane waves:
hµν(x, y) =
∞∑
n=0
h(n)µν (x)fn(y) (7.64)
where
(
∂κ∂
κ −m2n
)
h
(n)
µν = 0 and fix the gauge as ∂αh
(n)
αβ = h
(n)α
α = 0
7. The function
fn(y) will obey a second order differential equation which after a change of variables
( dzdy = e
σ(y)) reduces to an ordinary Schro¨dinger equation:
{
−1
2
∂2z + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (7.65)
with potential
V (z) =
15
4 (σ
′(y))2
2[g(z)]2
−
3
2
2[g(z)]2
σ′′(y) (7.66)
where
fˆn(z) ≡ fn(y)eσ/2 (7.67)
and the function g(z) as g(z) ≡ k {z1 − ||z| − z1|}+1, where z1 = z(L1). The study of the
mass spectrum of reveals the following structure for the mass spectrum (for the symmetric
configuration):
m1 = 2
√
2ke−2x (7.68)
mn+1 = ξnke
−x n = 1, 2, 3, . . . (7.69)
7Note that we have ignored the presence of dilaton/radion fields associated with the size of the extra
dimension or the positions of the branes. For more details see Ref. [38–40].
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where ξ2i+1 is the (i+ 1)-th root of J1(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of J2(x)
(i = 1, 2, 3, . . .). Again the first KK state is singled out from the rest of the KK tower as
its mass has an extra exponential suppression .
Let us see now how the separability argument works in the case of the graviton. Starting
with the familiar configuration ′′ + −+′′, the mass spectrum consists of the massless
graviton, the ultra-light first KK state and the rest of the KK tower which are massive
spin two particles. In the limit of infinite separation the first special KK mode becomes
the second massless mode, according to our previous general discussions. However, at first
sight the counting of degrees of freedom doesn’t work: we start with a massive spin 2
state (first KK state) which has five degrees of freedom and we end up with a massless
mode which has two. It has been shown that in the case of flat spacetime the extra
polarizations of the massive gravitons do not decouple giving rise to the celebrated van
Dam-Veltman-Zakharov discontinuity in the propagator of a massive spin-2 field in the
massless limit [35, 36]8. However our separability argument is still valid: Up to this point
we have ignored the presence of a massless scalar mode, the radion, which is related to
the motion of the freely moving negative tension brane. It turns out that this scalar field
is a ghost field, that is, it enters the Lagrangian with the wrong kinetic term sign. It can
be shown that the effect of the presence of this field is to exactly cancel the contribution
of the extra polarizations of the graviton making the limit of infinite brane separation
smooth. Note that apart from the radion there is another scalar field in the spectrum, the
dilaton, which parameterizes the overall size of the extra dimension which also decouples
in the above limit.
As we have mentioned the problems associated with the presence of the ghost radion
can be avoided by allowing for AdS4 spacetime on the 3-branes. In this case there is
no need for the negative tension brane (thus there is no radion field) and moreover the
presence of curvature on the branes makes the massless limit of the massive graviton
propagator smooth [52, 53], meaning that in the the AdS4 curved background the extra
polarizations of the massive graviton decouple in the massless limit, in agreement with
our separability argument.
8 Multi-Localization and supersymmetry
It is interesting to investigate the multi-localization in the supersymmetric versions of the
previous models. The inclusion of supersymmetry is interesting in the sense that it restricts
the possible mass terms by relating the mass parameters of fermion and boson fields. It is
well known that AdS spacetime is compatible with supersymmetry [121,122]. In contrast
to the case of flat spacetime, supersymmetry in AdS requires that fields belonging in the
same multiplet have different masses. In the previous discussions on the localization of
the fields, the mass term parameters which control the localization of the bulk states, are
8However, in Ref. [54, 82] was shown that in the presence of a source with a characteristic mass scale,
there is no discontinuity for distances smaller that a critical one. This argument is also supported by the
results of Refs. [50, 52, 53] where it was shown that the limit is smooth in dS4 or AdS4 background.
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generally unconstrained. Let us now examine in more detail the cases of supergravity,
vector supermultiplets and the hypermultiplet.
Supergravity supermultiplet The on-shell supergravity multiplet consists of the viel-
bein eαM , the graviphoton BM and the two symplectic-Majorana gravitinos Ψ
i
M (i = 1, 2).
The index i labels the fundamental representation of the SU(2) automorphism group of
the N = 1 supersymmetry algebra in five dimensions. The supergravity Lagrangian in
AdS5 has the form [106] (in AdS5 background we can set BM = 0):
S5 = −1
2
∫
d4x
∫
dy
√−g
[
M35
{
R+ iΨ¯iMγ
MNRDNΨ
i
R − i
3
2
σ′(y)Ψ¯iMσ
MN (σ3)
ijΨjN
}
+2Λ− Λ
k2
σ′′(y)
]
(7.70)
where γMNR ≡ ∑perm (−1)p3! γMγNγR and σMN = 12 [γM , γN ]. From the above expres-
sion, that is invariant under the supersymmetry transformations [106], we see that the
symplectic-Majorana gravitino mass term m = 32σ
′(y) is such that its mass spectrum is
identical to the mass spectrum of the graviton. This becomes clear by comparing eq.(7.26)
for ν = 32 and eq.(7.66). The latter implies that, in the presence of supersymmetry, multi-
localization of the graviton field implies multi-localization of the gravitinos and thus the
mass spectrum of these fields will contain ultralight KK state(s).
Vector supermultiplet The on-shell field content of the vector supermultiplet V =
(VM , λ
i,Σ) consists from the gauge field VM , a symplectic-Majorana spinor λ
i, and the
real scalar field Σ in the adjoint representation.
S5 = −1
2
∫
d4x
∫
dy
√−g
[ 1
2g25
F 2MN + (∂MΣ)
2 + iλ¯iγMDMλ
i +m2ΣΣ
2 + imλλ¯
i(σ3)
ijλj
]
(7.71)
The above Lagrangian is invariant under the supersymmetry transformations if the mass
terms of the various fields are of the form (for more details see Ref. [106]):
m2Σ = −4(σ′(y))2 + 2σ′′(y)
mλ =
1
2
σ′(y) (7.72)
Assuming that Vµ and λ
1
L are even while Σ and λ
2
L odd then the mass spectrum of all the
fields is identical. This can be easily seen if we note that for the spinors we have ν = 12 ,
for the scalar α = −4, β = 2 and for the gauge boson α = 0, β = 0. The even fields,
for the above values of the mass parameters, they obey the eq.(D.9) of Appendix D with
ν = 12 whereas the odd fields obey eq.(D.10) for the same value of the ν parameter. The
mass spectrum of the two potentials is identical, apart from the zero modes, since they are
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SUSY-partner quantum mechanical potentials. The even fields have zero modes that are
not localized (which is expected since the massless gauge field is not localized) in contrast
to the odd fields that have no zero modes (they are projected out due to the boundary
conditions).
Hypermultiplet The hypermultiplet H = (Hi,Ψ) consists of two complex scalar fields
Hi (i = 1, 2) and a Dirac fermion Ψ. In this case the action setup is:
S5 = −
∫
d4x
∫
dy
√−g
[
|∂MHi|2 + iΨ¯γMDMΨ+m2Hi |Hi|2 + imΨΨ¯Ψ
]
(7.73)
Invariance under the supersymmetric transformations (see Ref. [106]) demand that the
mass term of the scalar and fermion fields has the form:
m2H1,2 = (c
2 ± c− 15
4
)(σ′(y))2 + (
3
2
∓ c)σ′′(y)
mλ = cσ
′(y) (7.74)
from the above we identify that α = c2 ± c − 154 and β = 32 ∓ c for the scalar fields.
Note that α = β2 − 4β which implies the existence of zero mode for the symmetric scalar
fields. Moreover, for the scalar fields we find that ν ≡ 32 − β = ±c which implies that
the wavefunctions (in z-coordinates) and the mass spectrum are identical to the Dirac
fermion’s. Note that we are assuming that H1 and ΨL are even, while H
2 and ΨR are
odd. As expected if supersymmetry is realized, multi-localization of scalar fields implies
multi-localization of Dirac fermions and the opposite.
In the five dimensional AdS background, the mass terms compatible with supersymme-
try are not the ones that correspond to degenerate supermultiplet partners, but are such
that all members of the supermultiplets have the same wavefunction behaviour and the
same mass spectrum. However, in the four dimensional effective field theory description,
the states lie in degenerate SUSY multiplets, as is expected since the 4D theory is flat.
9 Discussion and conclusions
In this Chapter we studied the localization behaviour and the mass spectrum of bulk
fields in various multi-brane models with localized gravity. We showed that the addition
of appropriate mass terms controls the strength or/and the location of localization of the
fields and moreover can induce localization to Abelian spin 1 fields. The localization of
all the above fields can resemble that of the graviton, at least in a region of the parameter
space. This means that it is possible for fields of all spins (≤ 2) can be localized on positive
tension branes. The latter implies that in the context of multi-brane models emerges the
possibility of multi-localization for all the previous fields with appropriate mass terms. We
have shown, giving explicit examples, that when multi-localization is realized the above
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fields apart from the massless zero mode support ultra-light localized KK mode(s).
In the simplest constructions with two positive branes, that we considered here, there
is only one special KK state. However by adding more positive tension branes one can
achieve more special light states. In the extreme example of a infinite sequence of positive
branes instead of discrete spectrum of KK states we have continuum bands. In the previous
case the special character of the zeroth band appears as the fact that it is well separated
from the next.
Summarizing, in this paper we pointed out some new characteristics of multi-brane
scenarios in the case that multi-localization is realized. The new phenomenology reveals
itself through special light and localized KK states. The idea of multi-localization and
its relation to new interesting phenomenology is of course general and it should not be
necessarily related to RS type models9, although it finds a natural application in the
context of these models.
9In the case of gravity though, such a construction (or similar) with curved background is essential.
Chapter 8
Summary and Conclusions
In this Thesis we have presented an account of new phenomena that can be realized in
wraped brane-world models in five and six dimensions.
In the context of these models we can realize the possibility of having massive gravi-
tons contributing significantly to intermediate distance gravitational interactions. This
scenario is not excluded by current observations and furthermore it offers phenomenologi-
cal signatures which are in principle testable. Taking into account that massive gravitons
necessarily arise as KK states from dimensional reduction of a higher dimensional theory,
these modifications of gravity can be very unusual window to extra dimensions since Multi-
gravity models which involve brane configurations with interbrane distances of the order
of the Planck length, modify gravity not only at short distances as usually do ordinary
KK theories, but also at ultra large distances.
The ′′ +−+′′ Bigravity model and the quasi-localized GRS model, although they had
interesting phenomenology, they all shared the characteristic of moving negative tension
branes and thus the moduli corresponding to the fluctuations of these branes are ghost
fields and therefore unacceptable. However, the general characteristics of these models
persist in more involved constructions that have less or no problems. Foe example, the
appearance of light states whenever we have more than one positive branes that localize
gravitons is a generic characteristic which persists in the AdS brane models or the six
dimensional ones.
The AdS Bigravity model, although does not have the ghost radion problem, does not
give interesting phenomenology. This is due to the fact that the remnant cosmological
constant is of negative sign, in contradiction with observations. Moreover it does not lead
to any observable modifications of gravity at any observable scale since the modifications of
gravity at ultra-large scales are hidden behind the AdS horizon, while the modifications at
all scales due to the different propagator structure of the massive gravitons are enormously
suppressed. It is, however, interesting how the AdS brane models escape the van Dam-
Veltman-Zakharov no-go theorem about the non-decoupling of the additional polarization
states of the massive graviton. This in addition to the observation of Vainstein that the
latter no-go theorem may not be valid even for flat background, suggests that the massive
graviton proposal does not face any fundamental obstructions.
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However, one can construct a theoretically and phenomenologically viable multigravity
model in six dimensions. Due to the non-trivial curvature of the internal space one can
have bounces of the warp factor with only positive tension flat branes.
There are a lot of open questions regarding multigravity at the moment. The most
important one is the construction of a cosmological model of multigravity. So far the
models we considered involved either flat or AdS branes which are not valid descriptions
of our Universe at large scales where modifications of gravity due to the massive gravitons
are expected to appear.
Apart from applications in the gravitational sector, multi-localization can have inter-
esting applications to other fields: Fields of all spins can be localized in the context of
braneworld models with non-factorizable geometry. Their localization properties are con-
trolled by the form and the details of the mass term (for some fields in order to achieve the
desired localization, specific mass terms must be added). Given the latter, in the context
of multi-brane models emerges the possibility of multi-localization for fields of all spins
provided that appropriate mass terms are added. When multi-localization is realized the
above fields apart from the massless zero mode support ultra-light localized KK mode(s).
Appendix A
The Myth of Sisyphus
The gods had condemned Sisyphus to ceaselessly rolling a rock to the top of a mountain,
whence the stone would fall back of its own weight. They had thought with some reason
that there is no more dreadful punishment than futile and hopeless labor.
If one believes Homer, Sisyphus was the wisest and most prudent of mortals. According
to another tradition, however, he was disposed to practice the profession of highwayman.
I see no contradiction in this. Opinions differ as to the reasons why he became the futile
laborer of the underworld. To begin with, he is accused of a certain levity in regard to the
gods. He stole their secrets. Egina, the daughter of Esopus, was carried off by Jupiter.
The father was shocked by that disappearance and complained to Sisyphus. He, who knew
of the abduction, offered to tell about it on condition that Esopus would give water to the
citadel of Corinth. To the celestial thunderbolts he preferred the benediction of water. He
was punished for this in the underworld. Homer tells us also that Sisyphus had put Death
in chains. Pluto could not endure the sight of his deserted, silent empire. He dispatched
the god of war, who liberated Death from the hands of her conqueror.
It is said that Sisyphus, being near to death, rashly wanted to test his wife’s love. He
ordered her to cast his unburied body into the middle of the public square. Sisyphus woke
up in the underworld. And there, annoyed by an obedience so contrary to human love, he
obtained from Pluto permission to return to earth in order to chastise his wife. But when
he had seen again the face of this world, enjoyed water and sun, warm stones and the sea,
he no longer wanted to go back to the infernal darkness. Recalls, signs of anger, warnings
were of no avail. Many years more he lived facing the curve of the gulf, the sparkling sea,
and the smiles of earth. A decree of the gods was necessary. Mercury came and seized the
impudent man by the collar and, snatching him from his joys, lead him forcibly back to
the underworld, where his rock was ready for him.
You have already grasped that Sisyphus is the absurd hero. He is, as much through his
passions as through his torture. His scorn of the gods, his hatred of death, and his passion
for life won him that unspeakable penalty in which the whole being is exerted toward
accomplishing nothing. This is the price that must be paid for the passions of this earth.
Nothing is told us about Sisyphus in the underworld. Myths are made for the imagination
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to breathe life into them. As for this myth, one sees merely the whole effort of a body
straining to raise the huge stone, to roll it, and push it up a slope a hundred times over;
one sees the face screwed up, the cheek tight against the stone, the shoulder bracing the
clay-covered mass, the foot wedging it, the fresh start with arms outstretched, the wholly
human security of two earth-clotted hands. At the very end of his long effort measured
by skyless space and time without depth, the purpose is achieved. Then Sisyphus watches
the stone rush down in a few moments toward that lower world whence he will have to
push it up again toward the summit. He goes back down to the plain.
It is during that return, that pause, that Sisyphus interests me. A face that toils so
close to stones is already stone itself! I see that man going back down with a heavy yet
measured step toward the torment of which he will never know the end. That hour like a
breathing-space which returns as surely as his suffering, that is the hour of consciousness.
At each of those moments when he leaves the heights and gradually sinks toward the lairs
of the gods, he is superior to his fate. He is stronger than his rock.
If this myth is tragic, that is because its hero is conscious. Where would his torture
be, indeed, if at every step the hope of succeeding upheld him? The workman of today
works everyday in his life at the same tasks, and his fate is no less absurd. But it is tragic
only at the rare moments when it becomes conscious. Sisyphus, proletarian of the gods,
powerless and rebellious, knows the whole extent of his wretched condition: it is what he
thinks of during his descent. The lucidity that was to constitute his torture at the same
time crowns his victory. There is no fate that can not be surmounted by scorn.
If the descent is thus sometimes performed in sorrow, it can also take place in joy. This
word is not too much. Again I fancy Sisyphus returning toward his rock, and the sorrow
was in the beginning. When the images of earth cling too tightly to memory, when the
call of happiness becomes too insistent, it happens that melancholy arises in man’s heart:
this is the rock’s victory, this is the rock itself. The boundless grief is too heavy to bear.
These are our nights of Gethsemane. But crushing truths perish from being acknowledged.
Thus, Edipus at the outset obeys fate without knowing it. But from the moment he knows,
his tragedy begins. Yet at the same moment, blind and desperate, he realizes that the
only bond linking him to the world is the cool hand of a girl. Then a tremendous remark
rings out: ”Despite so many ordeals, my advanced age and the nobility of my soul make
me conclude that all is well.” Sophocles’ Edipus, like Dostoevsky’s Kirilov, thus gives the
recipe for the absurd victory. Ancient wisdom confirms modern heroism.
One does not discover the absurd without being tempted to write a manual of happi-
ness. ”What!—by such narrow ways–?” There is but one world, however. Happiness and
the absurd are two sons of the same earth. They are inseparable. It would be a mistake
to say that happiness necessarily springs from the absurd. discovery. It happens as well
that the felling of the absurd springs from happiness. ”I conclude that all is well,” says
Edipus, and that remark is sacred. It echoes in the wild and limited universe of man. It
teaches that all is not, has not been, exhausted. It drives out of this world a god who had
come into it with dissatisfaction and a preference for futile suffering. It makes of fate a
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human matter, which must be settled among men.
All Sisyphus’ silent joy is contained therein. His fate belongs to him. His rock is a thing
Likewise, the absurd man, when he contemplates his torment, silences all the idols. In the
universe suddenly restored to its silence, the myriad wondering little voices of the earth
rise up. Unconscious, secret calls, invitations from all the faces, they are the necessary
reverse and price of victory. There is no sun without shadow, and it is essential to know
the night. The absurd man says yes and his efforts will henceforth be unceasing. If there is
a personal fate, there is no higher destiny, or at least there is, but one which he concludes is
inevitable and despicable. For the rest, he knows himself to be the master of his days. At
that subtle moment when man glances backward over his life, Sisyphus returning toward
his rock, in that slight pivoting he contemplates that series of unrelated actions which
become his fate, created by him, combined under his memory’s eye and soon sealed by
his death. Thus, convinced of the wholly human origin of all that is human, a blind man
eager to see who knows that the night has no end, he is still on the go. The rock is still
rolling.
I leave Sisyphus at the foot of the mountain! One always finds one’s burden again.
But Sisyphus teaches the higher fidelity that negates the gods and raises rocks. He too
concludes that all is well. This universe henceforth without a master seems to him neither
sterile nor futile. Each atom of that stone, each mineral flake of that night filled mountain,
in itself forms a world. The struggle itself toward the heights is enough to fill a man’s
heart. One must imagine Sisyphus happy.
Albert Camus
Appendix B
Radion in Multibrane World
In the treatment of gravitational perturbations, in the context of of the braneworld models
with flat branes, that is presented in the Chapter 2 of this Thesis, we have ignored the
presence of the scalar perturbations, the dilaton and the radion(s)1, that are associated
with the size of the compact system and the fluctuations of the freely moving branes
respectively. In this Appendix we examine these the behaviour of these fields and their
relevance to the phenomenology of these models.
1 The general three three-Brane system
We will consider a general three three-brane model on an S1/Z2 orbifold
2. Two of the
branes sit on the orbifold fixed points y = y0 = 0, y = y2 = L respectively. A third
brane is sandwiched in between at position y = y1 = r as in Fig.(B.1). In each region
between the branes the space is AdS5 and in general the variousAdS5 regions have different
cosmological constants Λ1, Λ2. The action describing the above system is:
S =
∫
d4xdy
√
−G
[
2M35 R − Λ(y) −
∑
i
Vi δ(y − yi)
√−gˆ√−G
]
. (B.1)
where M5 is the five dimensional Planck mass, Vi the tensions of the gravitating branes
and gˆµν the induced metric on the branes. The orbifold symmetry y → −y is imposed.
We seek for a background static solution of Einstein equations for the following 4D
Poincare´ invariant metric ansatz:
ds2 = a2(y) ηµνdx
µdxν + dy2 ; (B.2)
The solution for the warp factor has the usual exponential form:
a(y) = e−k1y , 0 < y < r (B.3)
1The radion(s) appear in configurations with freely moving branes.
2By taking various limits we will be able to reproduce the physics of RS1, RS2, ′′ + −+′′ and GRS
models.
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Figure B.1: General three 3-brane model on an orbifold.
e−k2y+r(k2−k1) , r < y < L (B.4)
where k1 and k2 are the curvatures of the bulk in the two regions and are related to the
bulk cosmological constants as:
k21 = −
Λ1
24M35
, k22 = −
Λ2
24M35
(B.5)
Moreover, the Einstein equations impose the following fine tuning between the brane
tensions and the bulk cosmological constants:
V0 = 24M
3
5 k1 , V1 = 24M
3
5
(k2 − k1)
2
, V2 = −24M35 k2 . (B.6)
It is straightforward to recover some special models that have been considered in Chap-
ter 2. The RS1 model is obtained for k1 = k2 where the intermediate brane is absent (zero
tension). For k1 > 0 and k2 = −k1 we get the ′′ + −+′′ multigravity model . For k1 > 0
and k2 > k1 we get the
′′ + +−′′ brane model. In the decompactification limit where
L→∞ we get also two interesting models: For k1 > 0 and k2 = 0 we obtain the Gregory
- Rubakov - Sybiriakov (GRS) model and for k1 > 0 and k2 = 0 > k1 the non-zero tension
version [38] of the model considered in [61].
2 Effective action
Our purpose is to study fluctuations of the background (B.2). The first important obser-
vation is that there exists a generalization of Gaussian normal coordinates such that in
the perturbed geometry the embedding of branes is still described by y = 0, y = r and
y = L (see for instance the appendix of [38]).
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When analyzed from a 4D point view, in each region, perturbations are of of three
types.
• Spin two:
Tensor-like perturbation hµν(x, y) corresponding to massive (massless) 4D gravitons
ds2 = a2(y) [ηµν + hµν(x, y)] dx
µdxν + dy2 . (B.7)
• Spin zero: Dilaton
Scalar perturbation f1(x) corresponding to an overall rescaling of distances [40]
ds2 = a2(y) [1 +Q(y)f1(x)] ηµν dx
µdxν + [1 + q(z)f1(x)] dy
2 . (B.8)
• Spin zero: Radion
Scalar perturbation f2(x) corresponding to a fluctuating distance of the branes [38]
ds2 = a2(y) [(1 +B(y)f2(x)) ηµν + 2ǫ(y) ∂µ∂νf2(x)] dx
µdxν + [1 + 2A(y) f2(x)] dy
2
(B.9)
The generic perturbation can be written as
ds2 = a2(y) {[1 + ϕ1(x, y)] ηµν + 2ǫ(y) ∂µ∂νf2(x) + hµν(x, y)} dxµdxν (B.10)
+ [1 + ϕ2(x, y)] dy
2 ; (B.11)
where
ϕ1(x, y) = Q(y)f1(x) +B(y)f2(x) (B.12)
ϕ2(x, y) = q(y)f1(x) + 2A(y)f2(x) (B.13)
Given the expression (B.4) for a, Israel junctions conditions at y = 0, L, simply require
that A, B, ∂yǫ, Q, q are continuous there [38]. The 4D effective action Seff for the various
modes is obtained inserting the ansatz (B.13) in the action (B.1) and integrating out y. So
far the functions A, B, ǫ, Q, q haven’t been specified, however imposing that Seff contains
no mixing terms among h and fi one determines Q, q and A is expressed in terms of B
(for more details, see the last Section of this Appendix ) which satisfies
d
dy
(
Ba2
)
+ 2a−1
da
dy
d
dy
(
a4∂yǫ
)
= 0 ; (B.14)
∫ L
−L
dy a
(
da
dy
)−1
dB
dy
= 0 (B.15)
As a consequence of the no-mixing conditions the linearized Einstein equations for (B.13)
will consist in a set independent equations for the graviton and the scalars.
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The effective Lagrangian reads
Seff =
∫
d4xLeff =
∫
d4x (LGrav + LScal) (B.16)
Leff = 2M35
∫ L
−L dy
{
a2LPF (h) + a44
[
(∂yh)
2 − ∂yhµν ∂yhµν
]
+ LScal
}
(B.17)
with
LScal = K1 f1✷f1 +K2 f2✷f2 (B.18)
K1 = 2M35
3
2
c2
∫ L
−L
a−2 dy , K2 = −2M35 34
∫ L
−L a
(
da
dy
)−1
d
dy
(
B2a2
)
dy (B.19)
In (B.17), the spin-2 part, as expected, contains the 4D Pauli-Fierz Lagrangian LPF (h)
for the graviton plus a mass term coming from the dimensional reduction. In the scalar
part LScal the mass terms are zero since fi are moduli fields. Notice that after the no-mix
conditions are enforced, the effective Lagrangian contains the undetermined function ǫ.
The metric ansatz G
MN
in (B.13) is related to a special coordinate choice (generalized
Gaussian normal), nevertheless a residual gauge (coordinate) invariance is still present.
Consider the class of infinitesimal coordinate transformationsXM → X ′M = XM+ξ(X)M
such that the transformed metric G
MN
′ = G
MN
+ δG
MN
retains the original form (B.11)
up to a redefinition of the functions q,Q,A,B, ǫ and the dilaton and the radion field.
Consistency with the orbifold geometry and the requirement that the brane in y = r is
kept fixed by the diffeomorphism lead to ξ5(x, 0) = ξ5(x, r) = ξ5(x, L) = 0. From
δG
MN
= −ξA ∂AGMN − ∂M ξAGAN − ∂N ξAGMA , (B.20)
one can show that ξM has to be of the form
ξµ(x, y) = ξˆµ(x) − a−2W (y) ηµν ∂νf2(x) , ξ5(x, y) =W ′(y) f2(x) (B.21)
with W ′(0) = W ′(r) = W ′(L) = 0. The case W = 0 corresponds the familiar pure
4D diffeormorphisms, under which hµν transforms as spin two field, fi as scalars and
q,Q,A,B, ǫ are left unchanged. On the contrary the case ξˆµ = 0, W 6= 0 is relic of 5D
diffeormorphisms and one can check that q,Q,A,B, ǫ are not invariant and in particular
δǫ = W . As a result, the values of ∂yǫ in 0, r and L are gauge independent and this
renders Leff free from any gauge ambiguity.
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3.1 The compact case
In this Section we will focus on the part of the effective Lagrangian involving the scalars and
concentrate on the dilaton and radion kinetic term coefficients K1 and K2. In particular
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we are interested in the cases when the radion becomes a ghost field, i.e. K2 < 0. Firstly,
it is trivial to obtain the dilaton kinetic term K1 by integrating (B.19):
K1 = 3c2M35
[
a−2(r) − 1
k1
+
a−2(L)− a−2(r)
k2
]
(B.22)
It turns out that for any possible values of k1, k2 and r, L the above quantity is positive
definite. The radion kinetic term on the other hand is more involved. Integrating (B.14)
we get the radion wavefunction for the regions (y > 0):
B(y) = c1 a
−2 + 2k1 ∂yǫ a2 0 < y < r (B.23)
c2 a
−2 + 2k2 ∂yǫ a2 y > r (B.24)
where c1 and c2 are integration constants. The orbifold boundary conditions demand that
∂yǫ(0) = ∂yǫ(L) = 0 since ǫ is an even function of y. From the non-mixing conditions for
radion and dilaton (B.15) and the continuity of B we are able to determine c2 and ∂yǫ(r)
as the following:
c2 = c1
k2
k1
a2(r) − 1(
a(r)
a(L)
)2
− 1
(B.25)
ǫ′(r) =
c1k2
2k1(k2 − k1)a4(r)
k1
k2
− a
2(r) − 1(
a(r)
a(L)
)2
− 1
 (B.26)
Therefore, the values of the radion wavefunction B at the branes positions are given by
the following expressions:
B(0) = c1 (B.27)
B(r) =
c1k2
(k2 − k1)
1− a2(L)
a2(L)
[(
a(r)
a(L)
)2
− 1
] (B.28)
B(L) =
c1k2
k1
a2(r) − 1
a2(L)
[(
a(r)
a(L)
)2
− 1
] (B.29)
Thus we can carry out the integral in (B.19) to find the radion kinetic term coefficient:
K2 = 3M35
[(
1
k1
− 1k2
)
B2(r) a2(r) + 1k2 B
2(L) a2(L)− 1k1 B2(0)
]
=
3M35 c
2
1
k1
{
k2
(k2−k1)
a2(r)(a2(L)−1)2
a4(L)
[
( a(r)a(L))
2−1
]2 + k2k1 (a2(r)−1)2a2(L)[( a(r)a(L) )2−1]2 − 1
}
. (B.30)
The above quantity is not positive definite. In particular, it turns out that it is positive
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k2
k1
k1 = k2
K2 > 0
K2 < 0
GRS
A
A′
B
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C
C′
Figure B.2: Sign of the radion kinetic term in the (k1, k2) plane. In the regions A, B
′,
C′ the moving brane has positive tension and the radion positive kinetic energy. In the
regions B, C, A′ the moving brane has negative tension and the radion negative kinetic
energy. We show the GRS line for the non-compact case. The dashed line corresponds to
k1 = k2, i.e. a tensionless moving brane.
whenever the intermediate brane has positive tension and negative whenever the interme-
diate brane has negative tension. This result is graphically represented in Fig.(B.2) where
the (k1, k2) plane is divided in two regions.
3.2 The non-compact limit
It is instructive to discuss the decompactification limit in which the third brane is sent to
infinity, i.e. L→ +∞. To examine this limit we distinguish two cases:
The case k2 > 0
In this case we have a(∞) ∝ lim
L→∞
e−k2L = 0. The dilaton kinetic term is trivial since from
(B.22) we obtain K1 → ∞. In other words the dilaton decouples from the 4D effective
theory and the condition of absence of kinetic mixing between the scalars (B.15) plays no
role. The radion kinetic term coefficient can be read off from (B.30):
K2 = 3M
3
5 c
2
1
k1
[
e2k1r
k2
(k2 − k1) − 1
]
(B.31)
This result agrees with the computation of [38]. It is easy to see that the radion has
positive kinetic energy when the moving brane has positive tension and negative kinetic
energy when the tension is negative. Indeed, for 0 < k1 < k2, or for k2 > 0 and k1 < 0 we
have a positive brane and positive kinetic energy. On the other hand for 0 < k2 < k1 we
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have a negative tension brane and negative kinetic energy. In the limit k2 → 0 we get the
GRS model with negative kinetic energy as in [38].
The case k2 < 0
In this case a(∞) ∝ lim
L→∞
e−k2L →∞. This time the dilaton plays in the game since K1
is finite as seen from (B.22) and has the value:
K1 = 3M
3
5 c
2
2k1|k2|
[
e2k1r(|k2|+ k1)− |k2|
]
(B.32)
which is manifestly positive definite. The presence of dilaton mode is a bit surprising since
it describes the fluctuations of the overall size of the system which is infinite. Something
similar happens in the model of [47] that has a dilaton mode although it is non-compact.
The dilaton is a remnant of the decompactification process of the ′′ + +′′ model [46] and
enters in the game because the inverse of the warp factor is normalizable.
The radion kinetic term coefficient can be obtained from taking the limit L→ +∞ in
(B.30). We get
K2 = 3M
3
5 c
2
1
k1
[
e−2k1r
k2
(k2 − k1) − 1
]
(B.33)
The same considerations for the compact case applies here. When k1 < k2 < 0 we have a
positive tension brane and a positive kinetic energy. On the other hand when k2 < k1 < 0,
or for k2 < 0 and k1 > 0 we have a negative tension brane and a negative kinetic energy.
In the GRS limit k2 → 0, the radion has negative kinetic energy.
3.3 ′′ +−+′′ Model
From the above it is clear that in the case of the ′′ + −+′′ model, i.e. for k2 = −k1
with k1 > 0, the dilaton has positive kinetic term (K1) whereas the radion negative (K2).
The latter means that there is a physical ghost in the spectrum something that makes
this model unacceptable. The appearance of this ghost state in the spectrum is not a
characteristic only of the present model but it is a generic characteristic of models that
include moving negative tension branes.
Usefull Formulae
It is convenient to define a new variable z defined by
1
a(y)
=
dz
dy
. (B.34)
In the coordinates (x, z) the metric (B.11) is conformal to a flat perturbed metric G¯AB =
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ηAB +HAB
ds2 = a2
[
G¯µν dx
µdxν + G¯zz dz
2
]
= a2
[
ηMN +HMN dx
MdxN
]
Hµν = ϕ1(x, z) ηµν + 2ǫ(z) ∂µ∂νf2(x) + hµν(x, z)
Hzz = ϕ2(x, z) (B.35)
Inserting (B.35) in (B.1) and taking into account the equation of motion satisfied by a one
gets
Seff =
∫
d4x Leff =
∫
d4x 2M35
∫
dz
[
a3LPF (h) + a34
[
(∂zh)
2 − ∂zhµν ∂zhµν
]
+ Lϕ + Lhϕ
]
.
Lϕ = L1 + L2 + L12 ; (B.36)
Where
Lhϕ =
[
a3
(
ϕ1 +
1
2ϕ2
)
+ f2
d
dz
(
ǫ′a3
)]
∂µ∂νh
µν
− [a3 (ϕ1 + 12ϕ2)+ f2 ddz (ǫ′a3)]✷h+ 32 ddz (a2a′ϕ2 − a3ϕ′1)h ; (B.37)
L1 = ∂µf1∂µf1 3
2
a3
(
Q2 +Qq
)
+ f21
(
3a3Q′2 + 3a′2aq2 − 6a2a′Q′q
)
; (B.38)
L2 = ∂µf2∂µf2
(
3
2a
3B2 + 3a3AB − 3a3B′ǫ′ + 6a2a′ǫ′A)
+f22
(
3a3B′2 + 12a′2aA2 − 12a2a′AB′
)
; (B.39)
L12 = ∂µf1∂µf2
(
3
2a
3Bq + 3a3AQ+ 3a3BQ− 3a3ǫ′Q′ + 3a2a′ǫ′q)
+f1f2
[
6a3B′Q′ + 12a′2aAq − 6a2a′ (2AQ′ + qB′)
]
; (B.40)
and LPF (h) is the 4D Pauli-Fierz Lagrangian for h
LPF (h) = 1
2
∂νhµα ∂
αhµν − 1
4
∂µhαβ ∂
µhαβ − 1
2
∂αh ∂βh
αβ +
1
4
∂αh ∂
αh . (B.41)
Differentiation with respect of z is denoted with a prime. The absence of mixing terms in
Leff yields the following constraints
A(z) =
aB′
2a′
,
d
dz
(
Ba2
)
+
2a′
a2
d
dz
(
a3ǫ′
)
= 0 (B.42)
Q(z) = c a−2 , q(z) = −2c a−2 ; (B.43)∫
dz aA(z) = 0. (B.44)
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(c is a constant)Eqns. (B.42)-(B.44) give
Leff = 2M35
∫
dz
{
a3LPF (h) + a34
[
(∂zh)
2 − ∂zhµν ∂zhµν
]
− 32c2a−1∂µf1∂µf1 + 34 a
2
a′
d
dz
(
B2a2
)
∂µf2∂
µf2
}
. (B.45)
In particular the effective Lagrangian LScal for the dilaton f1 and the radion f2 is
LScal = K1 f1✷f1 +K2 f2✷f2
K1 = 2M35 32c2
∫ L
−L a
−2 dy
K2 = −2M35 34
∫ L
−L a
(
da
dy
)−1
d
dy
(
B2a2
)
dy , (B.46)
with
d
dy
(
Ba2
)
+ 2a−1 dady
d
dy
(
a4∂yǫ
)
= 0 ;
∫ L
−L dy a
(
da
dy
)−1
dB
dy = 0 . (B.47)
As a result only ∂yǫ(0), ∂yǫ(r) and ∂yǫ(L) enter the radion effective action.
Appendix C
Dynamical Generation of
Branes
In the context of the RS type models the 3-branes are placed in the Lagrangian by hand,
as δ-function source terms. However it is interesting to ask if it possible to generate all
brane configurations in a dynamical way. It turns out that it is possible to reproduce all
the models that do not contain negative moving branes by considering gravity coupled to
a scalar field that acquires a (multi-) kink type vev. The fact that no negative tension
branes can be constructed in this dynamical way is related to the violation of the weaker
energy condition by them.
In this Appendix we will try to reproduce the familiar RS2 construction as a limiting
of a smooth configuration (no δ-function sources). We start with the usual ansatz for the
metric:
ds2 = e−2σ(y)gµν(xkappa)dxµdxν + dy2 (C.1)
where gµν is the induced metric on the brane. The usual brane term associated with the
above metric has been replaced by a scalar field φ residing in this space coupled though
the standard action:
S =
∫
d4x
∫ L2
−L2
dy
√
−G{2M3R− 1
2
(∂φ)2 − V (φ)} (C.2)
The corresponding equations of motion are:
RMN − 1
2
GMNR =
1
4M3
{∂Mφ∂Nφ−GMN
(
1
2
(∂φ)2 + V (φ)
)
} (C.3)
1√−G∂M{
√−GGMN∂Nφ} = ∂V
∂φ
(C.4)
Our purpose is to find a vacuum solution for the scalar field (by choosing appropriate
potential V (φ)) that at a certain limit gives the RS solution i.e. σ(y)→ ky.
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1 Flat Branes
In the case that gµν = ηµν , i.e. when the induced spacetime on the branes is flat, the
equations of motion result to:
1
2
(φ′)2 − V (φ) = 24M3 (σ′)2 (C.5)
1
2
(φ′)2 + V (φ) = −12M3 (−(σ′′) + 2(σ′)2) (C.6)
by adding the previous equations we have:
σ′′ =
1
12M3
(φ′)2 (C.7)
the previous implies that σ′′ ≥ 0 - something that reminds us the constraints that the
weaker energy condition imposes to the behaviour of the warp factor σ in the case of the
original RS model. From the previous condition it is clear that one cannot generate a warp
factor with a bounce form in the case that the branes are kept flat. Moreover it implies
that moving negative tension branes (not on an orbifold fixed point) cannot be generated
by this mechanism (by the use of a scalar field). The latter agrees with the constraints
coming from the weaker energy conditions, since moving negative tension branes violates
them.
However it is straitforward to generate positive tension branes. Following Ref. [110]
it turns out that this can be achieved by demanding that V (φ) is such that the vacuum
solution of the scalar field is:
φB(y) = υ tanh(αy) (C.8)
in this case one can find that
σ(y) = β ln cosh2(αy) +
β
2
tanh2(αy) (C.9)
where β ≡ υ236M3 which gives the RS limit when α→∞. This can be seen be finding that
lim
a→∞
{e−2σ(y)} = e−4αβy + . . . (C.10)
idendifing k ≡ 2αβ (keeping the product αβ finite)
Due to the fact that negative tension branes cannot be generated by the previous
mechanism, it is not possible to construct the ′′ + −+′′ model by the previous method
(naively one would expect that a multi-kink profile for the field φ would result to the
that configuration - but this is not the case)1. However, one can reproduce the ′′ + +′′
configuration (where the spacetime on the branes is AdS4).
1However, one can recover the RS1 limit (by compactification) since in this case the negative tension
brane is on a fixed point.
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2 AdS4 Branes
In the case that we allow for AdS4 spacetime on the branes i.e.:
gµν =
ηµν(
1− H2x24
)2 (C.11)
where x2 = ηµνx
µxν the equations of motion give:
1
2
(φ′)2 − V (φ) = 24M3 ((σ′)2 +H2e2σ) (C.12)
1
2
(φ′)2 + V (φ) = −12M3 (−(σ′′) + 2 (σ′)2 +H2 e2σ) (C.13)
The addition of the two previous equations give:
σ′′ =
1
12M3
(φ′)2 −H2e2σ (C.14)
from the previous equation it is clear that in the case that we allow for AdS4 spacetime
on the branes σ′′ can take both signs, giving the possibility of a warp factor of a bounce
form.
In more detail if one demands to generate the ′′ ++′′ configuration with
σ(y) = − ln(A(y)) = − ln(cosh(k(y0 − |y|))
cosh(ky0)
) (C.15)
then the scalar field should acquire a vev of the form
φ(y) ∝ arctan(tanh(k(y0 − |y|)
2
)) (C.16)
which means in the smooth form it should have a multi-kink profile. The latter can justify
two things:
First in the case of bulk fermions it justifies the choice of the profile of the scalar
field: φ(y) = −A′(y)A(y) , since this approximates reasonably the exact form and at the same
time allows us to have analytic results for the mass for the wavefunctions and the mass
spectrum
Second it justifies the choice of the mass term in the case of the ′′+−+′′ model. In this
case although the model cannot be assumed to be generated by a scalar field, it has been
proved (see Chapter 6) that its phenomenology resembles the one of the ′′ + +′′ model
which can be generated by a scalar field with a multi kink profile. The latter implies
that the phenomenology of the bulk fermion with a multi-kink mass term of the form
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m(y)Ψ¯Ψ = σ
′(y)
k will resemble the phenomenology of the fermion in the
′′ ++′′ model.
Appendix D
Multi-Localization
1 Wavefunction Solutions
In this Appendix we briefly discuss the general form of the solutions of the Schro¨ndiger
equation of the ′′ + −+′′ configuration - a configuration that exhibits multi-localization.
As we have seen in Chapter 7 sections the general form of the potential (for field of any
spin) of the corresponding quantum mechanical problem is of the type 1:
V (z) =
κ
2[g(z)]2
(σ′(y))2 − λ
2[g(z)]2
σ′′(y) (D.1)
where κ, λ are constant parameters2. For the case of ′′ +−+′′ model we have
(σ′(y))2 = k2
σ′′(y) = 2kg(z) [δ(z) + δ(z − z2)− δ(z − z1)] (D.2)
z1 and z2 are the position of the second (negative) and the third (positive) brane respec-
tively in the new coordinates (z1 = z(L1) and z2 = z(L2)). The convenient choice of
variables, which is universal for fields of all spins, is:
z ≡
 2e
kL1−e2kL1−ky−1
k y ∈ [L1, L2]
eky−1
k y ∈ [0, L1]
(D.3)
(the new variable is chosen to satisfy dzdy = e
σ(y)) and the function g(z) is defined for
convenience as g(z) ≡ eσ(y) ≡ k {z1 − ||z| − z1|} + 1. Note that in principle κ and λ are
not related since the first gets contributions from the five dimensional bulk mass whereas
the second from the boundary mass term.
1In the following expression we have assumed that boundary mass term contribution is universal (its
absolute value) for all the branes, i.e. λ is the weight of all δ-functions. One might consider a more general
case, where each δ-function to have its own weight. However, generally the requirement of the existence
of zero mode implies that their absolute values are equal.
2The particular values of the parameters κ, λ depend on the spin of the particle. Here we are interested
in the general forms of the solutions. We also assume that we have already performed the appropriate
redefinition of the wavefunction (f(y)→ fˆ(z)), which also depends on the spin of the particle.
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Even fields Let us consider first the case that the field under consideration is even under
the reflections y → −y. In this case, it is easy to show that the zero mode exists only in
the case that κ = ν(ν + 1) and λ = ν or λ = −(ν + 1) (this is derived by imposing the
boundary conditions coming from the δ-function potentials on the massless solution, see
below). The zero mode wavefunctions in this case have the form:
In the case that λ = ν,
fˆ0(z) =
A
[g(z)]ν
(D.4)
and in the case that λ = −(ν + 1),
fˆ0(z) = A
′ [g(z)]ν+1 (D.5)
Where A,A′ are normalization constants. Note that the first is localized on positive tension
branes whereas the second on negative tension branes. However, only the first choice gives
the possibility of multi- localization on positive tension branes. Thus the existence of zero
mode and light KK state requires κ = ν(ν + 1) and λ = ν. Since we are interested in
configurations that give rise to light KK states, the potential of interest is:
V (z) =
ν(ν + 1)k2
2[g(z)]2
− ν
2g(z)
2k [δ(z) + δ(z − z2)− δ(z − z1)] (D.6)
For the KK modes (mn 6= 0) the solution is given in terms of Bessel functions. For y lying
in the regions A ≡ [0, L1] and B ≡ [L1, L2], we have:
fˆn
{
A
B
}
=
√
g(z)
k
[{
A1
B1
}
J 1
2+ν
(mn
k
g(z)
)
+
{
A2
B2
}
J− 12−ν
(mn
k
g(z)
)]
(D.7)
The boundary conditions that the wavefunctions must obey are:
fˆn
′(0+) +
kν
g(0)
fˆn(0) = 0
fˆn(z1
+)− fˆn(z1−) = 0
fˆn
′(z1+)− fˆn ′(z1−)− 2kν
g(z1)
fˆn(z1) = 0
fˆn
′(z2−)− kν
g(z2)
fˆn(z2) = 0 (D.8)
The above boundary conditions give a 4 x 4 linear homogeneous system for A1, B1, A2 and
B2, which, in order to have a nontrivial solution should have vanishing determinant. This
imposes a quantization condition from which we are able to extract the mass spectrum of
the bulk field.
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Odd fields In the case that the field is odd under the reflections y → −y, there is no
zero mode solution since it is not possible to make it’s wavefunction to vanish at both
boundaries. In the absence of zero mode, the previous restrictions between λ and ν do not
apply - and thus they are in principle independent. However one can ask if in this case,
despite the absence of zero mode, a light state can exist. Indeed we can easily find that
this can be realized for special choice of parameters: It can be shown that the potential
V1(z) =
ν(ν − 1)
2[g(z)]2
(σ′(y))2 +
ν
2[g(z)]2
σ′′(y) (D.9)
considering odd parity for the fields, gives the same spectrum (apart from the zero mode)
with the familiar potential for fields of even parity:
V2(z) =
ν(ν + 1)
2[g(z)]2
(σ′(y))2 − ν
2[g(z)]2
σ′′(y) (D.10)
which according to the previous discussions supports an ultra-light special KK state. This
is because the previous potentials are SUSY partners and as expected have the same
spectrum apart from the zero mode.
2 Life without negative tension branes
In Chapter 4 it was shown that the properties of the ′′ +−+′′ model (the bounce form of
the “warp” factor), which contains a moving negative tension brane can be mimicked by
the ′′++′′ model, where the negative brane is absent provided that we allow for AdS4 on
the branes. Since the corresponding potential has two δ-function wells that support bound
states the multi-localization scenario appears also here. The previous results related to the
localization properties of the various fields are valid also in this case. However, the presence
of AdS4 geometry on the branes, modifies the form of the potential of the corresponding
Schro¨ndiger equation and thus the details of the form of wavefunctions of the KK states.
In this section we briefly discuss these modifications.
As previously mentioned, the spacetime on the 3-branes must be AdS4 (in contrast
to the ′′ + −+′′ models where the spacetime is flat). Thus in this case the background
geometry is described by:
ds2 =
e−2σ(y)
(1 − H2x24 )2
ηµνdx
µdxν + dy2 (D.11)
By following exactly the same steps as in the case of flat branes, again the whole problem
is reduced to the solution of a second order differential equation for the profile of the
KK states. The differential equation is such that after the dimensional reduction the
five dimensional physics is described by a infinite tower of KK states that propagate
in the AdS4 background of the 3-brane. It is always possible to make the coordinate
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transformation from y coordinates to z coordinates related through: dzdy = A
−1(y), where
A(y) = e−σ(y), and a redefinition of the wavefunction3 and bring the differential equation
in the familiar Schro¨dinger-like form:
{
−1
2
∂z
2 + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (D.12)
where fˆn(z) is the appropriate redefinition of the wavefunction.
For the ′′ + +′′ model the form of the potential for fields of different spin is different.
However, in the case that it admits a massless mode and an anomalously light mode it has
the generic form given in eq.(D.6) that applied to the ′′ + −+′′ case. However the warp
factor has a different form from the case with negative tension branes being given by
g(z) ≡ eσ(y) = 1
cosh(k(|z| − z0) (D.13)
Note that in this case σ′(y) is not constant in the bulk and σ′′(y) is not confined to
the branes. The massless modes, corresponding to the Schrodinger equation with this
potential,are given by eqs.(D.1) and (D.2) as in the ′′ + −+′′ case. Note however that
the constraint on the relative magnitude of the two terms in the potential is now required
when solving for the propagation in the bulk whereas in the case of a negative tension
brane it came when solving for the boundary conditions.
The zero mode wavefunction is given by:
fˆ0(z) =
C
[cos(k˜(z0 − |z|))]ν
(D.14)
where C is the normalization factor. By considering cases with mn 6= 0, we find the
wavefunctions for the KK tower :
fˆn(z) = cos
ν+1(k˜(|z| − z0))
[
C1 F (a˜n, b˜n,
1
2 ; sin
2(k˜(|z| − z0)))
+ C2 | sin(k˜(|z| − z0))| F (a˜n + 12 , b˜n + 12 , 32 ; sin2(k˜(|z| − z0)))
] (D.15)
where
a˜n =
ν + 1
2
+
1
2
√(
mn
k˜
)2
+ ν2
b˜n =
ν + 1
2
− 1
2
√(
mn
k˜
)2
+ ν2 (D.16)
3The form of this redefinition depends on the spin of the field.
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The boundary conditions are given by:
fˆn
′(0+) + kν tanh(ky0)fˆn(0) = 0
fˆn
′(zL−)− kν sinh(k(L− y0))
cosh(ky0)
fˆn(zL) = 0 (D.17)
the above conditions determine the mass spectrum of the KK states. By studying the
mass spectrum of the KK states it turns out that it has a special first mode similar to the
one of the ′′ +−+′′ model as expected.
3 Light states without multi-localization
3.1 Light states from SUSY-partner configuration
In Chapter 7 we focused in the relation between multi-localization and multi-brane con-
figurations. Here we would like to point out another possibility based on the same ideas
though: The appearance of light KK states without multi-localization [117]. In order to
demonstrate how this can occur by a simple example, let us assume that we have a brane
configuration such that the potential of the corresponding Schro¨dinger equation is given
by V (z) =W 2(z)−W ′(z) and has a form, for example, like the one appearing in Fig.(D.1)
(W (z) is an appropriate function giving the previous potential). Noting that the previous
potential has the familiar form of supersymmetric quantum mechanics , we can easily
construct the SUSY-partner potential Vs(z) =W
2(z)+W ′(z). The previous potential has
the same discrete levels and additionally a zero mode. The form of the potential in our
example is given in Fig.(D.1).
Although the first potential has a form that one would not expect to give rise to light
KK states, by looking the SUSY-partner potential with the familiar double well form
we can immediately realize that this scenario can be realized by choosing an appropriate
form for the W (z) function. Thus using the above, one can construct a model with light
(compared to the rest) and localized KK mode. The difference with the case of the multi-
localized case is the absence of zero mode4. The above configuration although is giving a
light special KK state does no provide the distinct two scale KK spectrum since the zero
mode is absent. All KK state mass differences are of the same order. However the above
provides a mechanism of generating a light localized KK mode.
3.2 Light states from twisted boundary conditions
In order to give a consistent description of bulk physics one has to specify the boundary
conditions associated with the orbifold symmetries. Thus one should specify if the fields are
even or odd under the orbifold Z2 symmetry (reflections under y → −y). The choice of the
4The zero mode can be absent also in multi-localized models if we allow for infinite compactification
volume
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Original Model SUSY-partner
V (z) Vs(z)
z z
Figure D.1: On the left the potential V (z) for the corresponding quantum-mechanical
problem. On the right, the SUSY-partner potential Vs(z). The two potentials have the
same massive spectrum. The first does not support massless zero mode but the SUSY-
partner does.
parity properties of the various fields depends on the form of their couplings/interactions.
Up to this point we have used, depending on the field, even or odd parities.
However, apart from considering odd and even boundary conditions it turns out that we
can also use twisted boundary conditions, that is one can demand that the wavefunctions
should be symmetric in respect to the one orbifold fixed point but antisymmetric in respect
to the other. This turns out to be a convenient way to break SUSY in brane world models.
But if we demand in the case of RS model that the wavefunctions should be symmetric
in respect to the first positive brane but antisymmetric with respect to the second, this
results to a model with a mass spectrum identical with the spectrum of the antisymmetric
states with respect to the central brane in the symmetric ′′ + −+′′ model. This implies
that the zero mode of the spectrum will be the ultra-light KK state. In this case the zero
mode (and all the rest states which are symmetric with respect to the central brane) is
projected out due to the boundary conditions. The above gives the possibility of ultralight
states without having brane configurations with double well potentials. However, like in
the previous case the KK spectrum is no longer characterized by two scales due to the
absence of the zero mode.
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